UNBOUNDEDNESS RESULTS FOR SYSTEMS
G. LUGO AND F.J. PALLADINO!

ABSTRACT. We study k*" order systems of two rational difference equations

o, = 2 %le Bittn—i + Z%l YilYn—i
A+ Biwn—j+ 2351 Ciyn—j

P+ Zle 0iTn—i + Zle €iYn—i
g+ Y5y Djgn i+ 35 Ejynj
In particular we assume non-negative parameters and non-negative initial conditions.

We develop several approaches which allow us to prove that unbounded solutions exist
for certain initial conditions in a range of the parameters.

,neN,

n € N.

n =
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1. INTRODUCTION

There has been a recent interest in the study of systems of rational difference equa-
tions. Our goal is to provide several general theorems which prove the existence of
unbounded solutions for systems of rational difference equations. It is important to
realize that these theorems only apply in a range of the parameters and that certain as-
sumptions are placed on the initial conditions in order to achieve unbounded solutions.
We will proceed in the following manner. First we will introduce the reader to the source
of the idea for the theorem. For example if the idea arose from the study of cerain spe-
cial cases, we will present these cases and describe how they motivate the subsequent
theorem. If the idea was adapted from prior results, which do not originally apply to
systems, we will of course cite the result, and then describe in detail the adaptations
necessary.

Before beginning let us look closely at our notation. We find that often times for rational
difference equations the behavior can change in dramatic ways depending on whether a
particular parameter is zero or positive. It is for this reason that we adopt a notation
similar to that presented in theorem 6 of [3]. So we let Iz = {i € {1,...,k}|5; > 0},
L={ie{l,....;k}vn >0}, s ={ie{l,....k}|o; >0}, I. = {i € {1,...,k}|e; > 0},
IB:{j S {1,,]{3}|Bj >O}, Ic = {j c {1,,k3}|0j >O}, ID:{j S {1,,]{3}|D] >
0}, and Ig = {j € {1,...,k}|E; > 0}. This also proves beneficial later when we adapt
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an unboundedness result from [5] as the author of [5] uses a similar notation.

2. UNBOUNDEDNESS RESULTS INVOLVING MODULO CLASSES

Here we will present several general theorems which prove unboundedness for systems
of two rational difference equations. We feel that it will be helpful for the reader to see
some of the special cases which led to theorem 1 even though these cases are eventually
subsumed by theorem 1. Here is the first example.

Example 1. Consider the following system of two rational difference equations

. o+ ﬁan—Q + Y2Yn—2

Ty = yn=0,1,2,...,
A+ Boxyo
0oy, o

y, = L 0tn2 b n-z g5
Q+E2yn—2

We assume non-negative parameters and non-negative initial conditions. We further
assume the following

(1) 527’72732752762,5)2 > O,

(2) 15 > 2 and quEQ > 1,

1+ e
(B)QTQBQ<1cmdpE—22<1,

then the solutions x,, and y, are unbounded for some non-negative initial conditions.

Proof. We first prove by induction that under certain non-negative initial conditions
Yan > max(1l,7y2,92) and x4, < 1. We choose the initial conditions to provide the base
case. Let yo > max(1,7s,09) and xg < 1. Now let us prove the inductive step. Assume
Yan—a > max(1, 79, 09) and x4, 4 < 1, then we have

. _a+f BoTan—4a + YoYan—4 > _ V2Yan—a V2Yan—4
n A+ Boxyp 4 ~ A+ Boxan—a A+ By
We have assumed that AfBQ > 2 so we have that x4, 2 > 2y4,_4.

Furthermore we have the following
P+ 02Tun—a + €2Yin—a o bt 02T 4n—4 + €2Yan—4

Yin—2 = q+ EoYan—a - Esyan—4

n— n— n— ]_
<py4 4+ Yan—q + €Yy 4:p+ +€2<1.
Eoyan—a E,
Thus y4, o < 1. Now we use these facts to get the following
Vi = P+ 02Tan—2 + €2Yan—2 > 09T 4n—2 02T 4n—2
4dn — = .

q+ EoYan—2 q+ EoYan—2 q+ Es

62
q+E> i
Yan > Tan—2 > 2Ysn—g > max(1l, v, d2). Also, since 4,2 > 2ys,_4 > max(1l, vz, d2) ,we

have the following
_a+ Boyn—o + Yolan—2 < OTan—2 + BoTan—2 + Tan—2 a+fPa+1

Tapy = < =
! A+ Boxgp_o Byxgn_o By

We have assumed that > 1 so we have that
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We have assumed that < 1 so we have that x4, < 1. Thus we have shown that
Yan > max(1l,72,92) and x4, < 1 for all n € N. Notice that we have already shown
that this implies that y4, > T4,_2 > 2ys,_4 for all n € N hence lim,, .o, y4, = o0 and
lim,, o0 Tgnio = 00. ]

a+1+402
B>

Replacing second order with k™ order, the second example proceeds similarly.

Example 2. Consider the following system of two rational difference equations
a+ BeTnk + VeYn—k

Ty = ,n=012...,
A+ Brxn_p,
OpXp— e

gy = POk ChYnk g9
q+ Exyn—r

We assume non-negative parameters and non-negative initial conditions. We further
assume the following

(1) ﬁk77k78k75k76k7Ek > O,
(2) a5 > 2 and 5 > 1,

(3) O‘J%:ﬁ’“ <1 and pﬁé:”“ <1,

then the solutions x,, and y, are unbounded for some non-negative initial conditions.

Proof. We first prove by induction that under certain non-negative initial conditions
Yokn > max(1, v, 0x) and xox, < 1. We choose the initial conditions to provide the base
case. Let yo > max(1,7g, ) and xy < 1. Now let us prove the inductive step. Assume
Yokn—ok > max(1, g, dx) and Tog, ok < 1, then we have

o + BpTorn—2k + VkY2kn—2k > _ VkY2kn—2k YeY2kn—2k
A+ Bixokn—ok — A+ BiTogn—2k A+ By

Lokn—k =

We have assumed that A+B > 2 so we have that Top, 1 > 2Yorn_ok-
Furthermore we have the follovvlng

D + OkTokn—2k + €xY2kn—2k <P + Ok Topn—2k + €xY2kn—2k

Yokn—k = =
q + ExYorn—ark ErYorn—ar
2k + Yokn_2k + e +1+
< PY2kn—2k T Y2kn—2k T €kY2kn—2k _ D €k <1
Eyyorn—ok Ey
Thus yor,—r < 1. Now we use these facts to get the following
P P+ OkTokn—k + €xYokn—k > Ok Tokn—k Ok Tokn—k
2kn — = .
q+ Exyorn—k q+ Exyorn-r g+ Ex

so we have that

Yokn > Tokn—k > 2Yokn—o2k > max(1, g, ). Also, since Tog,—x > 2Yorn_or > max(1, Y, Ox)
,we have the following
- A + BrTorn—k + VrY2kn—k < QTopn—k + BrTokn—k + T2kn—k _ o+ Br. + 1.
A+ BrZogn—k Brrogn By,
We have assumed that O‘+1+5’“ < 1 so we have that xq, < 1. Thus we have shown that
Yokn > max(1, v, Ox) and xz;m < 1 for all n € N. Notice that we have already shown
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that this implies that yor, > Torn—r > 2yorn—2r for all n € N hence lim,, o yorn = 00
and lim,, .. Toppir = 00. ]

Notice that in the example above the key to the proof is that when n = 0 mod 2k
then x,, is small and vy, is large. On the other hand when n = k£ mod 2k then x,, is
large and y,, is small. So modulo classes play a key role in the above proof though it was
unnecessary to mention modulo classes. In the third example the use of modulo classes
becomes more explicit.

Example 3. Consider the following system of two rational difference equations

_a+ Br-1Tn—k+1 + BeTn—t + Ve—1Yn—k+1 + VeYn—k
" A+ Bi1%n_g+1 + Brxn—i + Cryn—i

_ b+ Ok 1Tn—pi1 + OkTn g + €k 1Yn ki1 + ExYn_k

4+ Di1%npi1 + Bo1Unpo1 + Extin s
where k = 3l 4+ 2 and | > 0. We assume non-negative parameters and non-negative
initial conditions. We further assume the following

(1) Yk—1, Bka Bk—la 5ka Eka Ek—l > O;

Ve—1 73
(2) A+Bj_1+Byp+Cy > 2 and q+Dy_1+Ex+E,_1 > 1

at1+Bk— 148k | pt+1+tep_1teg Ok—1
(3) min(Br 1. Br) T OF < 1 and min(Er 2 Fr) T Dy < L,
(4) Cy =0 implies v, = 0 and Dy_y = 0 implies 6,1 = 0,

then the solutions x,, and y, are unbounded for some non-negative initial conditions.

,n=0,1,2,...,

n=012...,

Yn

Proof. We first prove by induction that under certain non-negative initial conditions
ZT_m and y_,, where m € {1,... k} so that the following holds. If —m = —1 mod 3,
then y_,,, > max(1,v,_1,0x) and z_,, < 1. If —m = —2 mod 3, then y_,, < 1 and
T_m < 1. If =m = =3 mod 3, then y_,, < 1 and z_,,, > max(1,~yx_1, o).

Under this choice of initial conditions our solutions {z,} and {y,} have the following
properties.

(a) v, > max(1,v,_1,0x) and x, < 1 whenever n = —1 mod 3.
(b) yn, <1 and x, < 1 whenever n = —2 mod 3.
(¢) yn <1 and x, > max(1,v,_1,0x) whenever n = —3 mod 3.
We prove this using induction on n. Our initial conditions provide the base case.
Assume that the statement is true for all n < N —1. We show the statement for n = N.

This induction proof has three cases. Let us begin by assuming N = —1 mod 3.

Case (a). Since N = -1 mod 3, N—k =N —3l—2= -3 mod 3. So we have
that yy_x < 1 and xy_g > max(1,7%_1,0x). Also since N = -1 mod 3, N —k+ 1=
N —3l—1= -2 mod 3. So we have that yy_r11 <1 and xny_ 41 < 1.

From this we demonstrate the desired inequalities yy > max(1,vx_1,dx) and zy < 1,
given that N = —1 mod 3 holds. Using these facts we get,

Uy = P+ Ok TN ki1 + ORTN g + €k 1YN k1 T ERYN &
N =
4+ D 1Zn—ri1 + Eoryn—rr1 + Extn s
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> kTN
= g+ Dy N1 + Er1Yn—rr1 + Eryn—s
kTN
> > IN—
q+ Dyp—1+ By + Ej Nk
since we assumed that 9 > 1. Now since zy_j > max(1l,vx_1,0%), yn >

q+Dg—1+Ex+Ek_1
max(1, yx_1, O)-

Now we show that zx < 1. We have
a+ Br1TN—g+1 + BrXN—k + Ve—1YN—k+1 + VEYN—k
A+ Br1xn_gt1 + Bren—i + Cryn—i

N =

Vk—1YN—k+1 Br—1 + D L]
Brwn_i Brry_i min(By, Br—1)  Cy

a+1 Br—1+ B ﬁ<a+1+ﬁk71+ﬁk+ﬁ<l
Bk min(Bk, Bk—l) Ck - min(Bk, Bk—l) Ck

: atl+Be—148k | : :
since we assumed that Tomrts =5 4 22 < 1. This finishes case (a).

<

Case (b). We now assume that N = —2 mod 3.
Since N=—-2 mod 3, N—k=N-3—-2=—4=—1 mod 3. So we have that yy_j >
max(1,vx_1,dx) and zy_p < 1. Alsosince N = -2 mod 3, N—k+1=N-3[—-1=-3
mod 3. So we have that yy_x11 < 1 and zy_j1 > max(1, yx_1, O)-
From this we demonstrate the desired inequalities yy < 1 and xy < 1, given that
= —2 mod 3 holds. Hence

_pt Ok—1TN—kt1 + ORTN—k + € 1YN—k+1 + ELYN—k

Yy
N 4+ DirZn—ri1 + Eoryn—rr1 + Eryn s
< _P OkTN_ €x—1 + €k Ok—1
Ewxyn—r  Epyn—x min(Ey_1, Ey) Dy
1 _ On_ 1 _ Or_
<p+ €—1 + € n k1<p+ + €1+ € Ly

Ey min(Ey_1, By)  Dp—1 — min(Ey_, E) Dy

. ptlten_1+ex Ok—1 1
since we assumed that G o) + o <L

Now we show that zx < 1. We have
o+ Br1TN—g+1 + BrXN—k + Ve-1YN—k+1 + VEYN—k
A+ By_1xN_k+1 + Brrn—i + Cryn—i

o I Ve—1YN—k+1 Br—1 + B n i3
Br_1wn_ks1 Br_1wn_ks1 miH(Bk, Bk‘71> Ck

1 _ 1 _
o+ ﬁk 1+ B +£§OZ+‘ + B 1+ﬁk+ﬁ<1
Br—1  min(By, By_1) Ck min(By, Bi_1) Cy,

since we assumed that % + & < 1. This finishes case (b).

N =

<
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Case (c¢). We now assume that N = —3 mod 3.
Since N = -3 mod3, N—k=N-3l—2= -5 = -2 mod 3. So we have that
yv_r < land xy_p < 1. Alsosince N =—-3 mod 3, N-k+1=N-3l-1=-4=-1
mod 3. So we have that yy_x+1 > max(1,yx_1,0;) and xy_ 1 < 1.
From this we demonstrate the desired inequalities yy < 1 and zxy > max(1, yx_1, o),
given that N = —3 mod 3 holds. Hence

P+ Ok 1TN_p1 T ORTN_k + e 1YN—kt1 T ERYN—k

v q+ Di1xn g1+ B 1yn—r1 + Eryn—k
< p OkTN—k €k—1 + €k Ok—1
Er1yn—kt1 Eroayn—kpr min(Er_q, Ey) Dy
<p+1 €11 €k Op—1 <10+1+€k—1+€k Op—1 <1

By min(Ep_1,Ey)  Dp—y — min(Ep_y, Ey) Dy

+14-€_1+e€g 01
t & + 1.
min(By_1.Br) T Dr1

since we assumed tha

Now we show that zy > max (1,51, ). We have

o+ Br1TN—p+1 + BrXN—k + Ve-1YN—k+1 + VEYN—k
A+ Br_1on_g1 + Bren_i + Cryn—r
> Vk—1YN—k+1
T A+ Br1tN_ps1 + Bren—i + Cryn—i
Vk—1YN—k+1
> > 2Un_
A+ B+ B+ Ch YN—k+1

: Ye—1 :
since we assumed that ATBBio 2. Now since yny_rr1 > max(1,yx_1, %),

N =

xn > max(1, yp_1,0k).

We now conclude through proof by induction that lim, . y@r—1)n+2 = 00 and
hmn—>oo T(2k—1)n+k+1 = OQ.

We first see that
P+ Or—1T@2k—1)nt+3—k + OkT2k—1)n+2—k + Ek—1Y2k—1)n+3—k + ELY(2k—1)n+2—k

k—1)n =
Yk—ynt2 q+ D 1x@r-1yni3—k + Er1Y@r—1)n3—k + ErYer—1)nr2—k

5k$(2k71)n+27k

= q+ Dr1rr-—1ni3—k + Ev1Yer—1ni3—k + ErYer—1)nro—k
N 5k~r(2k71)n+27k
q+Dy1+ Ep1 + Ey
since (2k — 1)n +2 — k = —3 mod 3 and since (2k — 1)n+3 —k = —2 mod 3. Also

note that yor—1ynt2 > Tar—1)nt2—k, since q+Dk—1‘ikEk—1+Ek > 1 by assumption (2).
Now,

> Ve—1Y(2k—1)(n—1)+2
n+2—k —
" A+ Br_17@k-1)(n-1)+2 + BrZak—1)(n-1)+1 + CrlY2k—1)(n—-1)+1

Y(2k—1)n+2 > T(2k—1)
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V-1
AT B+ Br £ Gy Wer-m-n+2)
since (2k —1)(n —1) +2 = —1 mod 3 and since (2k —1)(n —1) +1 = —2 mod 3.
From assumption (2), we have that m > 2. So that yor—1)nt2 > Tr—1)n+2—k >
2Y2k—1)(n—1)+2 for all n € N, which proves that lim, .. y@r—1)nt2 = 00. Also, since
Yk-Dnt2 > Tk-Dnt2—k > 2Y@k—1)(n-1)+2, or all n € N, Top_1yninr1 > 2Y@r-1)nt2 >
27 (ok—1)n+2—k, for all n € N, which proves that lim, . T(or—1)n+rt1 = 00.

>

n

Since we shall prove unboundedness via use of modulo classes let us first introduce
some new notation. Given a set S C Z we let S® denote the set comprised of the residues
modulo a of the elements of our set S. Written another way S* = {x € {0,...,a—1}|x =
s mod a for some s € S}. We use this notation to keep track of how the sets of residues
modulo a of our indices of our system of difference equations behave.

Theorem 1. Suppose that we have a k™ order system of two rational difference equations

2 k
_at Yot BiTn—i + D Vilhn—i
— 2 :
A+ Zj:l Bjxn_; + Zj:l CiYn—j

D + Zf:l 5ixn*i + Zi’c:1 €iUn—i

G+ Y5 Dittn i+ Y By
with non-negative parameters and non-negative initial conditions. Suppose that there
exists a and b such that all of the following hold,

(1) 0<b<a,

(2) I ={1,...,a—1},

(3) I ={1,...,a— 1},

(4) (I, \ 1c)* = {b},

(5) (Is\ Ip)* = {—bmod a},

(6) (Is\ Ip)* C {0},

(7) (I\ 1g)* C {0},

(8) b & 1¢,

(9) —bmoda ¢ If,.
Also assume the following

ZiEI p %
) o oisns > b

Zielw\lc i
(2) A+Z?:1 BJ+Z?:1 Cj - 2’

k )
(39) Siere % + S < 1

iEIC C, mianIB (BJ)

k )
(4) Siery 3 + bty < 1

mianIE (EJ)

then for some choice of initial conditions lim,, . Tapnip = 00 and lim, o Yo, = 00.

,n €N,

n

n €N,

n

Proof. We let our initial conditions provide the base case and use strong induction on
N to prove that z,y4p > max(1, Zle i, Zle Vi),
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YaN > maX(L Z?:l 5i7 Zle 72)7
TaN+s, Yanir < 1, for s, € {0,...,a — 1} with s # b and r # 0.
So assume that the following holds for n < NV,

Tantb > maX(L Ef:l 5i7 Zf:l /7@)7
i i
Yan > max(l, Zi:l 51'7 Ei:l %’)7
Tantss Yansr < 1, for s,r € {0,...,a — 1} with s # b and r # 0.
Then we have i i
a+ > Bitansb—i + Y i VilYaN+b—i
i i
A4 Bitanso—j + 2251 CiYan+b-;
> Zie[,y\jc YiYaN+b—i
= i %
A+ Zj:l Bjzanio—j + Zj:l CiYaN+b—;
(Ziely\lc %’) minielﬂ,\lc (yaNquf@')
p— k k .
A+ Bianyo—j + 3521 CiYanto—j
Now since b ¢ & and I ={1,...,a — 1} we have that aN + b — j; Z 0 mod a for all
j1 € Ic and aN + b — j, Zb mod a for all j, € Ig, thus we get
(Zie I\ %‘) miniel—y\lc (yaN—I—b—i)
% %
A+ Zj:l Bj + Zj:l Cj
Zie[—y\lc Vi
A+Z§:1 B +Z§':1 Cj

Tan+p > 2 M (YaN1p-i)- (1)
ZGIW\IC

LaN+b =

TaN+b >

Now since we have assumed that > 2, we get

Since (I, \ Ic)* ={b},aN+b—i=0 moda foralli € I, \ I, thus
k k
TaN1b > Qiggi\r}c(ya]vﬁ,i) > 2max(1, ;&-, ;%)
Also we have the following
p+ Z?:l 0iTan—i + Z?ﬂ €iYaN—i
¢+ 35 Ditan— + X5y Bjyan—
Zig&\b 0iTaN—i
T+ Y Ditan— + X5y Biyan -
(ZieL;\ID 0;) minier\ 1, (Tan—i)
T+ Y Ditan—i + Xy Biyan—;

Now since —b mod a ¢ I}, and I = {1,...,a — 1} we have that aN — j; # 0 mod a
for all j; € Ig and aN — j, b mod a for all j; € Ip, thus we get

(E@'e[(;\[D 8;) miner\ 1, (Tan—s)
% %
q+ Zj:l Dj + Zj:l Ej

YaN =

YaN
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Z'e[ \I d;
t€ls\Ip

> 1, we get
Q+Z§:1 Dj +Z§:1 Ej ’ g

WN > min (xon—;). 2
YaN i615\1D< N-i) )

Now since we have assumed that

Since (Is \ Ip)* = {—b mod a}, aN —i=b mod a for all i € I5\ Ip, thus

k k
aN > ' aN—i) > 17 5i7 i)-
Yan > min (ay-i) > max( ; ;7)

We now prove the remaining inequalities. For s € {0,...,a — 1} with s # b,

k k
a+ Ei:l ﬁixaNJrS*i + Ei:l ViYaN+s—i
k k
A+ ijl BjTanys—j + Zj:l CiYaN+s—j

TaqN+s =

k
. O+ D i BiTanys—i + ZiEI«,\IC YiYaN+s—i YiYaN—+s—i

— k k k k
A4 Bitants—j + 20500 Cillanvs—i  jere A+ 20j21 Bitan+s—j + 3251 CiYan+s—;

k
o+ Yy BiaN+s—i + Dier\ 1o VilYaN+s—i + E 1
C;

minjes, (Bj) maXjer, (Tanys—j) i

iclc
Since (15 \ Ip)* C {0} we have that for alli € I3, i € Igori € {z € Z|z =0 mod a}.
Thus for all i € I either zonis—; < MaXjer,(Tants—j), OF Tants—i < 1. Furthermore
since I, = {1,...,a — 1} there exists j € Ig so that aN + s —j = b mod a. Thus
max ey, (Tants—;) > 1 and maxjer, (Tonis—j) > Zle 7:. To be clear notice that this
means maXjes, (Tans—i) < MaXjer, (Tanys—j). SO we get

< Ele Bi O+ Y ier e VilYaN+s—i Vi
.TaNJrs—min, (B;)  minjes, (B;) maxjer, (v >+Z—
JjE€lp J JjElB 7 jelp\LaN+s—j iclo i

o+ Zf:l Bi Zzezy\zc ViYaN+s—i 7

<& . +> 5
minjer, (B;)  minjer, (Bj) maxjer, (Tan4s—j) iely C;

Now since (I, \ I¢)* = {b}, aN +s—i# 0 mod a for all i € I, \ Ic. Thus y,n4s—; <1
for alli € I, \ Ic. Hence

a+ Ele Bi Zielﬂ,\lc Vi Vi

TaN+s < . 3 + C;
+ min;e;, (BJ) MiNjery (BJ> maX;erg (xaNJrsfj) ZEZIC Cz
k
a+1+2@:1ﬁl+zl <1
winger,(By) | 2 G,

Now for r € {0,...,a — 1} with r # 0,

k k
P+ OiTaNtr—i+ Y i €iYaN+r—i
k k
q+ Zj:l DjxaNJrrfj + Zj:l EjyaNJrr—j

YaN+r =
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p+ZZeI5\ID5xaN+r Z+Z, 1 €iYaN+r— z+ (5l’aN+r i
Q+Z] 1D‘T¢IN+7’ ]+ZJ 1E]yaN+7" —J ZG[DQ+ZJ 1D LTaN4r— j+2j 1EjyaN+r —j

p+ ZZEI&\ID 5 ZEO/N"_T i + Zz 1 ZyaN+T 7 Z
D;

mln]€IE<E )maXJEIE(yaN+T j i<l

Since (I \ Ig)* C {0} we have that for all i € [, i € Ip ori € {z € Z|z =0
mod a}. Thus for all i € I, either y,ni,—i < maxjer, (Yan+r—j), OF Yantr—i < 1. Fur-
thermore since 1% = {1,...,a — 1} there exists j € Ig so that aN +r —j =0 mod a.
Thus max;er, (Yan+r—;) > 1 and maxjer, (Yan4r—j) > Zle 0;- To be clear this means
maXier, (YaN-+r—i) < MaXjery, (Yan+r—j). SO We geft

y < Zf:l €i p+ ZieL;\ID OiTaN 4r—i n 0;

aN+r > N —

i MiNjerg (EJ) mln]EIE (E ) maX;ery (yaN+r ]) b Di
p+ Zf:l € Zielg\ID 0iTaNr—i 5;

< + 3
minjer, (Ej)  minjer, (Ej) maxjerg (Yan+r—;) Z@ZID D;

Now since (I5\ Ip)* = {—=b mod a}, aN +r —i # b mod a for all i € I\ Ip. Thus
Taniri < 1 forall i € I5\ Ip. Hence

k
TaN+4s < P Zi:l €i Zie[é\b i + Z i
minjer, (Ej)  minjer, (E;) maXjer, (Yan-+r—;) iclp Di
p+1+2f:16i ﬂ<1
mianIE (EJ) i€lp Dl

Thus we have completed the induction proof and hence
Tan4p > max(l, Zf:l 0i, Z?:l i)y

YaN > maX(lv Z?:l 03 Zf:l %’)a
TaN+sy Yanir < 1, for s, € {0,...,a — 1} with s # b and r # 0.
for all N € N. Now recall from inequalities (1) and (2) that we have now shown

Tan4b > 2 MiN (Yan+b—i),
el \Ic

and

YoN > Min (%Nﬂ%
i€ls\Ip

for all N € N. Here we use substitution and arrive at the following inequalities
TaN+b > anei(?(xaN-l—b—u)a

and
2 mi
YaN > an(nr (yaN U> )
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for all N € N, where U = {i; +i2|i; € I, \ Ic and iy € I;\ Ip}. Using the fact that
(I, \ Ic)* = {b} and (I5\ Ip)* = {—b mod a} we find that U C {an|n € {1,...,2[£]}}
Thus the following inequalities hold for all n > 2k.
Tantb > 2 min (Tapoiys),
ie{1,..2151}
and

Yan > 2 ) min A (ya(n—i))'
ie{1,...2M5 7}

Now let us make the following change of variables x,,., = w, and y4, = v,, thus we get
the following difference inequalities

w, >2 min (w,;),
ie{1,...208])
and

Uy >2  min  (v,_;).
i€{1,...,.2[E7}

for all n > 2k. Thus using theorem 3 in [4] we get

Ln—2k

i 2% i 4
i ) 225 i ),
and
: |2 :
min(v,_1, . . - ’vn72[§]) > 2 24l min = (vg_;).

ie{1,...,.2[ 2]}
Hence we have lim,, .., w, = oo and lim, .., v, = oo. Thus lim, . Z4n1p = 00 and
lim,, o0 Yan = 0C. l

We have just presented a general unboundedness result for systems of rational differ-
ence equations. Notice that examples 1 and 2 are subsumed by theorem 1 after a change
of variables. We prove above that, when the hypotheses are satisfied, both {z,}>,
and {y,}°°, are unbounded. However there are known special cases where {x,}%, is
unbounded and {y,,}>°, is bounded above by a positive constant, and vice versa. In fact
it is possible to sometimes apply similar techniques to those presented above in these
cases. This is what motivates the following theorem. We prove the result for the case
where {z,,}>°, is unbounded and {y,}5°, is bounded above by a positive constant. In
the other case we advise the reader to make a change of variables.

Theorem 2. Suppose that we have a k' order system of two rational difference equations

k k
@ + Zizl Bitn—i + Z¢:1 YiYn—i
- k 2
A+ ijl Bjan_j + Zj:l CiYn—j
_ b+ Zf:l 0iTn—i + 2?21 €iYn—i
_ k Lk )
q+ ijl Djan_j + Zj:l Ejyn-;

with non-negative parameters and non-negative initial conditions. Suppose that there
exist initial conditions v, ...,y_rr1 and that there exists M > 0 so that y, < M for

,n €N,

n

n €N,

n
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all n > —k and for all choices of initial conditions xg,...,x_gy1. Further suppose that
there exists a such that all of the following hold,

(1) I ={1,...,a— 1},

(2) (s \ Ip)* = {0},
Also assume the following

Zielﬁ\lB Bi
(1) A+ BiAY b CiM > 2,
(2) Siiets By

minjerg (Bj)

then for some choice of initial conditions lim,, . x4, = 00.

Proof. We let our initial conditions provide the base case and use strong induction on
N to prove that z,y > max(1, Zle Bi + Zle i M),
Tants < 1, for s € {1,...,a — 1}.
So assume that the following holds for n < N,
Tap > max(1, Zf:l Gi + Zf:l YiM),
Tanss < 1, for s € {1,...,a— 1}.
Then we have
o+ Zle Bitan—i + Zle YilYaN—i

A+ Bigan— + 3 Can—
- D iergy DiTaN—i
T A+ Bitan—y + 2o Can—;
Since I, ={1,...,a—1} and y, < M we have,
Zie]ﬁ\IB Bitan—i
A+ Z?:l Bj + Z§=1 CJ'M

TaN

TaN >

> (ZiEIB\IB ﬁi)<minielﬁ\13 (Tan—i))
T A+ B+ M

Zielﬁ\IB Bi
A+Z§:1 B; +Z§':1 CiM

Now since we have assumed that > 2, we get,

Ty > 2 min (xon—;)- 3
N iEIB\IB( N-i) )

Since (Ig\ Ip)* = {0}, aN —i =0 mod a for all i € Ig\ I, thus
k k
Tan > 2 min (zoyv_;) > 2max(1, ; M.
N Z,GIB\IB( N-i) ( ;5 ;’V )
We now prove the remaining inequality. For s € {1,...,a — 1},

k k
a+ Zi:l ﬁixaNJrS*i + Zi:l ViYaN+s—i
k k
A+ Zj:l BjxaNJrS*j + Zj:l ijaNJrsfj

TaN+s =
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cat Zle BiTaNts—i + Zle M
a >y BiTants- '
Since (I \ Ip)* = {0} we have that for all i € Ig\ I, zan+s—i < 1. So we have
ZieIB Bi Q-+ Z@'ezﬁ\IB Bi + Zf=1 viM
minjer, (B;)  minjer, (Bj) maxjer, (Tan+s—j)
Since I% = {1,...,a — 1} there exists j € Ig so that aN + s — j = 0 mod a. Thus
maXjer, (Tants—j) > 1 and maxjer, (Tanss—j) > 2?21 Gi + Zle ~viM. So we get

Qa + 1 + ZiEIB ﬁz
minjer, (B;)

LaN+s S

LaN+s <

Thus we have completed the induction proof and hence
ToN > maX(]-a Zf:l ﬁz + Zf:l ’YZM)a
Tants < 1, for s € {1,...,a — 1}.
for all N € N. Now recall from the inequality (3) that we have now shown

Tay > 2 min (Ten_g),

ieIB\IB

for all N € N. So we make a change of variables z,, = w, and we get the following
difference inequality

wp, >2 min (w,_y).
ie{1,..,| £}

for all n > k. Thus using theorem 3 in [4] we get
L2E%)

min(Wp—1, ..., W, _£) =2 @ min  (w_g).
“ i€{l,...,[ 2]}
Hence we have lim,, ., w,, = oo, thus lim,, ., T4, = 0. O

3. ADAPTING AN UNBOUNDEDNESS RESULT TO SYSTEMS

Let us draw our attention to theorem 2 case (iii) of [5]. To prove this result the author
separates the integers into two sets A = {n € Z : ged(Is)|n} and B = Z\ A. The author
then proves via induction that for proper choice of initial conditions, whenever n € A
then z,, > 0, and whenever n € B then x, = 0. The key here is that parameters are
chosen in a way that makes such a proof possible. We wish to adapt such a result so
that it might apply to systems. Thus it is important to choose our parameters so that a
similar idea holds. The first thing which comes to mind is to require that there does not
exist j € Ip U o UIp U g so that ged(lg UL, UIs U I.)|j. This motivates the following
theorem.

Theorem 3. Suppose that we have a k' order system of two rational difference equations

Zf:1 Bitn_i + Z?:l YiYn—i

= - - ,n €N,
A+ 375 Bign—j + 3251 Ciyn—j

n
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k k
; 52 n—i i—=1 CtYn—1
yn . Zlil T + szl € y n e N’

- % i ’
q+ Zj:l Djan_j + Zj:l Ejyn—;

with non-negative parameters and non-negative initial conditions.
Further assume that q, A > 0 and that one of the following holds,

(1) A< Y0, Bi, and I5 # 0
(2) q < Zle €, and I, # 0
Also suppose that there does not exist j € IgUlcUIpUlE so that ged(IgU1,UIs UL )|5.

Then unbounded solutions exist for both {x,}>° and {y,}5°, for some choice of initial
conditions.

Proof. Choose initial conditions z_,, and y_,, where m € {0,...,k — 1} so that z_,,, =
1=y, ifged(lgUl, Ul Ul,)|m and z_,, = 0 = y_,, otherwise.

Under this choice of initial conditions, {x,} and {y,} have the property that z,, > 0 and
yn, > 0 whenever ged(lgU I, Ul;Ul)|n and z,, = 0 = y,, otherwise. We prove this using
induction on n, our initial conditions provide the base case. Assume that the statement
is true for all n < N — 1. We show the statement for n = N.

This argument has four cases. First assume ged(Iz U I, U I U I.)|N then both denom-
inators are clearly non-zero since we assumed A,q > 0. Since we assumed Zle Bi +

Zle 7 > 0 we know that either there exists ¢ € I3 so that 3; > 0, or there exists 7 € I,
so that «; > 0. It is sufficient to show xy_; > 0 and yx_; > 0. However since i € IgU L,
it follows that ged(I3 U I, U Is U I.)|i. Thus ged(I3U I, U I U I)|N — i. Hence by our
induction hypothesis zy_; > 0 and yy_; > 0. Thus 2y > 0. We have shown the first
case.

Again assume ged(Iz U1, UIsUI.)|N then both denominators are clearly non-zero since
we assumed A, g > 0. Since we assumed Zle 0; +Zf:1 e; > 0 we know that either there
exists i € I5 so that §; > 0, or there exists ¢ € I, so that ¢; > 0. It is sufficient to show
xn—; > 0 and yy_; > 0. However since i € I; U I, it follows that ged(IzU I, U I U I, )]i.
Thus ged(Iz U I, U I5 U I.)|N —i. Hence by our induction hypothesis zy_; > 0 and
yn—; > 0. Thus yy > 0. We have shown the second case.

Now assume it is not true that ged(lg U I, U I; U I.)|N. Again the denominators are
clearly non-zero and furthermore,

k k k k
Ty = D oim BTN+ D i VYN~ < D i BTN + D i VYN
= k k = :
A+Zj:1 BjSL’ij _'_Zj:l ijij A

Take ¢ € Iz U I, it follows that ged(lg U I, U I5 U I.)|i. Hence by our assumption we
have that for all i € Ig U I, it is not true that ged(Iz U L, U Is U I.)|N — i. Indeed,
assume ged(lg U I, U I U I)|N — i for some i € IgU I, then ged(lg U1, U Is U I.)|N
contradicting our hypothesis. Hence by our induction hypothesis xy_; =0 and yy_; =0
forall i € I3UL,. So Zle Girn_; + Zle Yiyn—i = 0. So zy = 0 in this case. Thus we
have shown the third case.

Again assume it is not true that ged(/g U L, U I; U I.)|N. The denominators are clearly
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non-zero and furthermore,

= S G+ D ey - S G+ D €y
N — k k = :
q -+ Zj:l Dj.Tij + Zj:l Eij,j q

Take i € I5 U I, it follows that ged(lg U I, U I5 U I.)|i. Hence by our assumption we
have that for all ¢ € I5 U I. it is not true that ged(lg U I, U I5 U I)|N — i. Indeed,
assume ged(lg U 1, U Is U I)|N — i for some i € I5 U I, then ged(IgU I, U I U I.)|N
contradicting our hypothesis. Hence by our induction hypothesis xy_; = 0 and yy_; = 0
forallie Is Ul.. So Zle 0;TN—; + Z?Zl €yn—i = 0. So yy = 0 in this case. Thus we
have shown the fourth case.

Now we will make use of the prior result. Choose n such that ged(Iz U I, U I U I.)|n.
There does not exist j € Ip U Ic U Ip U Ig so that ged(lgU L, U I; U I.)|j. Thus there
does not exist j € Ip U Ic U Ip U g so that ged(lgU L, U I; U I)|n — j. Using this and
the prior result, it follows that for n where ged(I3 U I, U I U I )|n, z,_; =0 =1y,_; for
all j € Ig Ul U Ip U Ig. So for this choice of n we get

T, = Zle Bitn—i + Z?:l YiYn—i (1)
n - A 5

Zle 0iTn—i + Zle €iYn—i (5)
q

We now have two cases to consider. In case 1, A < Zle Bi, and Is # () so we use
equation (4) and we get

k k k k
— Zi:l ﬁixnfi + Zizl ’szn—z > Zizl ﬁixnfi > Zizl ﬁz
A - A -

For convienience we now define L = ged(I3 U I, U I5 U I.). By our choice of n, we may
write m = 7 € N. So our inequality reduces in this case to

Z?:l Gi
A

Yn =

min(z,—;).

x
" A el

) i (@ —s)

xmLZ(

k
721:1 ﬁl) min  (Tpp_in)-

> (&) in,
i€{l,e | 2]}

This is a difference inequality which holds for the subsequence {z,,1,} for m > k. We
now rename this subsequence and apply the methods used in [4]. We set z,, = x,,,1, for
m € N. As we have just shown {z,,} satisfies the following difference inequality,

k
Zm > (M) min = (2,_;),m > k.
A i€{l, 2}
Using the results of [4], particularly theorem 3, we have that for m > k,

min(z,—1, ..., zm—L%J) > min(uLT;jﬁJ, ey U k)
T
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Where {u,,}5°_, is a solution of the difference equation,

k
Upy = (%)um_l,m e N. (6)

With uy = min(zg_1, .. '7Zk—L%J)'

Since we are in case 1, we know that 0 < A < Zle 0; and so every positive solution
diverges to oo for the simple difference equation (6). Hence using the inequality we
have obtained, {z,,}>°_, diverges to co. Hence with given initial conditions, there is a
subsequence of our solution {z,}5°,, namely {z,,}°_,, which diverges to co. Hence
our solution {x,}>°, is unbounded. Moreover since {x,,}>°_; diverges to oo and Is # 0,
by equation (5), {ymr}>°_; diverges to co. So we have exhibited a solution in the case 1
where both {z,}°2, and {y,,}5>, are unbounded. Tn case 2, ¢ < 3.5 ¢, and I, # 0 so
we use equation (5) and we get
U = Zf:l 0iTp—; + Zf:l €iYn—i > Zf:l €iYn—i > Zf:l € min(y,_;)-
q q q i€l

For convienience we now define L = ged(I3 U I, U Is U I.). By our choice of n, we may
write m = # € N. So our inequality reduces in this case to

k
i—1 €i .
qul ) min (g i)

ymLZ(

k
(219 i ().
q i€{l,..,[ 2]}
This is a difference inequality which holds for the subsequence {y,,;} for m > k. We
now rename this subsequence and apply the methods used in [4]. We set w,,, = y,1 for
m € N. As we have just shown {w,,} satisfies the following difference inequality,

k
ﬁ) min = (wy,—;), m > k.
q ie{l,..., [ 2]}

v

Wy, > (

Using the results of [4], particularly theorem 3, we have that for m > k,

min(wy,_1, .. . ’wm—L%J) > min(vLT’;TJ’ e Umnek)-
T

Where {v,,}°_, is a solution of the difference equation,

k .
Zi:l El)

7 Um—1,M € N. (7)

U = (

With vy = min(wy_1, . .. ,wkﬂ%J).

Since we are in case 2, we know that 0 < ¢ < Zle €; and so every positive solution
diverges to oo for the simple difference equation (7). Hence using the inequality we
have obtained, {w,,}5_, diverges to co. Hence with given initial conditions, there is a
subsequence of our solution {y, }°°;, namely {y,,.}>°_;, which diverges to co. Hence our
solution {y,}:2, is unbounded. Moreover since {y,r}ro_, diverges to oo by equation
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(4) and I, # 0, {zyr}oo_; diverges to co. So we have exhibited a solution in the case 2
where both {x,}2, and {y,}°°, are unbounded.
O

There is a very general idea taking place here. Look at a system of rational equations
of the type presented here and look at the delays present in all of the numerators and
all of the denominators. Does the greatest common divisor of all the delays in all the
numerators divide some delay in one of the denominators? If the answer is no, we
conjecture that a result similar to the one presented above can be shown for the system
in question. The proof may be almost a duplicate of the above proof. We leave this
proof to the determined reader.

4. SOME EXAMPLES FOR RATIONAL SYSTEMS IN THE PLANE

Although these methods are intended to demonstrate unboundedness for systems of
rational difference equations of order greater than one there are several examples of
rational systems in the plane where these techniques apply. Here we present all first
order rational systems in the plane where Theorem 1 applies.

Example 4. Consider the system of two rational difference equations

T — o+ ﬁlxn—l + Y1Yn—1
" A+ Bix,

,n €N,

_p + 01Tp—1 + €1Yn—1
q + Elyn—l

with o, 81, A, p,€1,q > 0, 61,71, B1, E1 > 0, and non-negative initial conditions. Assume
that

(1) q—fi?l > 1’
(2) x5 > 2,
(3) < 1,
(4) B2 < 1.

then for some choice of initial conditions lim,,_, . xo,11 = 00 and lim,, . Y2, = 0.

,n e N

n

Proof. We apply Theorem 1. We let a = 2 and b = 1. We have the following

Z={1y={1,....2-1)
E={1y={1,....2-1}
(I, \ Ic)? = {1}

(I \ Ip)* = {1}

(Is\ Ip)* =10
(I\Ig)* =0
1¢0

Thus Theorem 1 applies. O
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Notice that in the above example the parameters «, 31, A, p, €1, and ¢ were allowed
to be either positive or zero. Thus there are 64 rational systems in the plane for which
Theorem 1 applies. Some of these cases have been covered by prior work, however the
conjectures (23,23), (23,31), (23,34), (23,46), (31,31), (31,34), (31,46), (34,34), (34,46),
and (46,46) in appendix 3 of [2] are covered by Example 4.

5. CONCLUSION

We have presented here several general results which prove the existence of unbounded
solutions for systems of two rational difference equations of order greater than one. We
feel that a good direction for further study would be to develop similar techniques
which prove the existence of unbounded solutions for systems of more than two rational
difference equations. We have given some limited guidance toward this goal in section
3. We would like to make reference to [1] and [2] for other work regarding systems of
rational equations.
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