
UNBOUNDEDNESS RESULTS FOR SYSTEMSG. LUGO AND F.J. PALLADINO1Abstra
t. We study kth order systems of two rational di�eren
e equations
xn =

α +
∑k

i=1
βixn−i +

∑k

i=1
γiyn−i

A +
∑k

j=1
Bjxn−j +

∑k

j=1
Cjyn−j

, n ∈ N,

yn =
p +

∑k

i=1
δixn−i +

∑k

i=1
ǫiyn−i

q +
∑k

j=1
Djxn−j +

∑k

j=1
Ejyn−j

, n ∈ N.In parti
ular we assume non-negative parameters and non-negative initial 
onditions.We develop several approa
hes whi
h allow us to prove that unbounded solutions existfor 
ertain initial 
onditions in a range of the parameters.Department of Mathemati
s, University of Rhode Island,Kingston, RI 02881-0816, USA;
1Corresponding author. email: frank�math.uri.edu1. Introdu
tionThere has been a re
ent interest in the study of systems of rational di�eren
e equa-tions. Our goal is to provide several general theorems whi
h prove the existen
e ofunbounded solutions for systems of rational di�eren
e equations. It is important torealize that these theorems only apply in a range of the parameters and that 
ertain as-sumptions are pla
ed on the initial 
onditions in order to a
hieve unbounded solutions.We will pro
eed in the following manner. First we will introdu
e the reader to the sour
eof the idea for the theorem. For example if the idea arose from the study of 
erain spe-
ial 
ases, we will present these 
ases and des
ribe how they motivate the subsequenttheorem. If the idea was adapted from prior results, whi
h do not originally apply tosystems, we will of 
ourse 
ite the result, and then des
ribe in detail the adaptationsne
essary.Before beginning let us look 
losely at our notation. We �nd that often times for rationaldi�eren
e equations the behavior 
an 
hange in dramati
 ways depending on whether aparti
ular parameter is zero or positive. It is for this reason that we adopt a notationsimilar to that presented in theorem 6 of [3℄. So we let Iβ = {i ∈ {1, . . . , k}|βi > 0},

Iγ = {i ∈ {1, . . . , k}|γi > 0}, Iδ = {i ∈ {1, . . . , k}|δi > 0}, Iǫ = {i ∈ {1, . . . , k}|ǫi > 0},
IB = {j ∈ {1, . . . , k}|Bj > 0}, IC = {j ∈ {1, . . . , k}|Cj > 0}, ID = {j ∈ {1, . . . , k}|Dj >
0}, and IE = {j ∈ {1, . . . , k}|Ej > 0}. This also proves bene�
ial later when we adaptDate: July 7, 2009.0Keywords: di�eren
e equation, systems, unbounded solutions.AMS Subje
t Classi�
ation: 39A10,39A111



2 G. LUGO AND F.J. PALLADINOan unboundedness result from [5℄ as the author of [5℄ uses a similar notation.2. Unboundedness Results Involving Modulo ClassesHere we will present several general theorems whi
h prove unboundedness for systemsof two rational di�eren
e equations. We feel that it will be helpful for the reader to seesome of the spe
ial 
ases whi
h led to theorem 1 even though these 
ases are eventuallysubsumed by theorem 1. Here is the �rst example.Example 1. Consider the following system of two rational di�eren
e equations
xn =

α + β2xn−2 + γ2yn−2

A + B2xn−2
, n = 0, 1, 2, . . . ,

yn =
p + δ2xn−2 + ǫ2yn−2

q + E2yn−2
, n = 0, 1, 2, . . . .We assume non-negative parameters and non-negative initial 
onditions. We furtherassume the following(1) β2, γ2, B2, δ2, ǫ2, E2 > 0,(2) γ2

A+B2

> 2 and δ2
q+E2

> 1,(3) α+1+β2

B2

< 1 and p+1+ǫ2
E2

< 1,then the solutions xn and yn are unbounded for some non-negative initial 
onditions.Proof. We �rst prove by indu
tion that under 
ertain non-negative initial 
onditions
y4n > max(1, γ2, δ2) and x4n < 1. We 
hoose the initial 
onditions to provide the base
ase. Let y0 > max(1, γ2, δ2) and x0 < 1. Now let us prove the indu
tive step. Assume
y4n−4 > max(1, γ2, δ2) and x4n−4 < 1, then we have

x4n−2 =
α + β2x4n−4 + γ2y4n−4

A + B2x4n−4
≥

γ2y4n−4

A + B2x4n−4
>

γ2y4n−4

A + B2
.We have assumed that γ2

A+B2

> 2 so we have that x4n−2 > 2y4n−4.Furthermore we have the following
y4n−2 =

p + δ2x4n−4 + ǫ2y4n−4

q + E2y4n−4
≤

p + δ2x4n−4 + ǫ2y4n−4

E2y4n−4

<
py4n−4 + y4n−4 + ǫ2y4n−4

E2y4n−4
=

p + 1 + ǫ2

E2
< 1.Thus y4n−2 < 1. Now we use these fa
ts to get the following

y4n =
p + δ2x4n−2 + ǫ2y4n−2

q + E2y4n−2
≥

δ2x4n−2

q + E2y4n−2
>

δ2x4n−2

q + E2
.We have assumed that δ2

q+E2

> 1 so we have that
y4n > x4n−2 > 2y4n−4 > max(1, γ2, δ2). Also, sin
e x4n−2 > 2y4n−4 > max(1, γ2, δ2) ,wehave the following

x4n =
α + β2x4n−2 + γ2y4n−2

A + B2x4n−2
≤

αx4n−2 + β2x4n−2 + x4n−2

B2x4n−2
=

α + β2 + 1

B2
.



UNBOUNDEDNESS RESULTS FOR SYSTEMS 3We have assumed that α+1+β2

B2

< 1 so we have that x4n < 1. Thus we have shown that
y4n > max(1, γ2, δ2) and x4n < 1 for all n ∈ N. Noti
e that we have already shownthat this implies that y4n > x4n−2 > 2y4n−4 for all n ∈ N hen
e limn→∞ y4n = ∞ and
limn→∞ x4n+2 = ∞. �Repla
ing se
ond order with kth order, the se
ond example pro
eeds similarly.Example 2. Consider the following system of two rational di�eren
e equations

xn =
α + βkxn−k + γkyn−k

A + Bkxn−k

, n = 0, 1, 2, . . . ,

yn =
p + δkxn−k + ǫkyn−k

q + Ekyn−k

, n = 0, 1, 2, . . . .We assume non-negative parameters and non-negative initial 
onditions. We furtherassume the following(1) βk, γk, Bk, δk, ǫk, Ek > 0,(2) γk

A+Bk
> 2 and δk

q+Ek
> 1,(3) α+1+βk

Bk
< 1 and p+1+ǫk

Ek
< 1,then the solutions xn and yn are unbounded for some non-negative initial 
onditions.Proof. We �rst prove by indu
tion that under 
ertain non-negative initial 
onditions

y2kn > max(1, γk, δk) and x2kn < 1. We 
hoose the initial 
onditions to provide the base
ase. Let y0 > max(1, γk, δk) and x0 < 1. Now let us prove the indu
tive step. Assume
y2kn−2k > max(1, γk, δk) and x2kn−2k < 1, then we have

x2kn−k =
α + βkx2kn−2k + γky2kn−2k

A + Bkx2kn−2k

≥
γky2kn−2k

A + Bkx2kn−2k

>
γky2kn−2k

A + Bk

.We have assumed that γk

A+Bk
> 2 so we have that x2kn−k > 2y2kn−2k.Furthermore we have the following

y2kn−k =
p + δkx2kn−2k + ǫky2kn−2k

q + Eky2kn−2k

≤
p + δkx2kn−2k + ǫky2kn−2k

Eky2kn−2k

<
py2kn−2k + y2kn−2k + ǫky2kn−2k

Eky2kn−2k

=
p + 1 + ǫk

Ek

< 1.Thus y2kn−k < 1. Now we use these fa
ts to get the following
y2kn =

p + δkx2kn−k + ǫky2kn−k

q + Eky2kn−k

≥
δkx2kn−k

q + Eky2kn−k

>
δkx2kn−k

q + Ek

.We have assumed that δk

q+Ek
> 1 so we have that

y2kn > x2kn−k > 2y2kn−2k > max(1, γk, δk). Also, sin
e x2kn−k > 2y2kn−2k > max(1, γk, δk),we have the following
x2kn =

α + βkx2kn−k + γky2kn−k

A + Bkx2kn−k

≤
αx2kn−k + βkx2kn−k + x2kn−k

Bkx2kn−k

=
α + βk + 1

Bk

.We have assumed that α+1+βk

Bk
< 1 so we have that x2kn < 1. Thus we have shown that

y2kn > max(1, γk, δk) and x2kn < 1 for all n ∈ N. Noti
e that we have already shown



4 G. LUGO AND F.J. PALLADINOthat this implies that y2kn > x2kn−k > 2y2kn−2k for all n ∈ N hen
e limn→∞ y2kn = ∞and limn→∞ x2kn+k = ∞. �Noti
e that in the example above the key to the proof is that when n ≡ 0 mod 2kthen xn is small and yn is large. On the other hand when n ≡ k mod 2k then xn islarge and yn is small. So modulo 
lasses play a key role in the above proof though it wasunne
essary to mention modulo 
lasses. In the third example the use of modulo 
lassesbe
omes more expli
it.Example 3. Consider the following system of two rational di�eren
e equations
xn =

α + βk−1xn−k+1 + βkxn−k + γk−1yn−k+1 + γkyn−k

A + Bk−1xn−k+1 + Bkxn−k + Ckyn−k

, n = 0, 1, 2, . . . ,

yn =
p + δk−1xn−k+1 + δkxn−k + ǫk−1yn−k+1 + ǫkyn−k

q + Dk−1xn−k+1 + Ek−1yn−k+1 + Ekyn−k

, n = 0, 1, 2, . . . ,where k = 3l + 2 and l ≥ 0. We assume non-negative parameters and non-negativeinitial 
onditions. We further assume the following(1) γk−1, Bk, Bk−1, δk, Ek, Ek−1 > 0,(2) γk−1

A+Bk−1+Bk+Ck
> 2 and δk

q+Dk−1+Ek+Ek−1

> 1,(3) α+1+βk−1+βk

min(Bk−1,Bk)
+ γk

Ck
< 1 and p+1+ǫk−1+ǫk

min(Ek−1,Ek)
+ δk−1

Dk−1

< 1,(4) Ck = 0 implies γk = 0 and Dk−1 = 0 implies δk−1 = 0,then the solutions xn and yn are unbounded for some non-negative initial 
onditions.Proof. We �rst prove by indu
tion that under 
ertain non-negative initial 
onditions
x−m and y−m where m ∈ {1, . . . , k} so that the following holds. If −m ≡ −1 mod 3,then y−m > max(1, γk−1, δk) and x−m < 1. If −m ≡ −2 mod 3, then y−m < 1 and
x−m < 1. If −m ≡ −3 mod 3, then y−m < 1 and x−m > max(1, γk−1, δk).Under this 
hoi
e of initial 
onditions our solutions {xn} and {yn} have the followingproperties.(a) yn > max(1, γk−1, δk) and xn < 1 whenever n ≡ −1 mod 3.(b) yn < 1 and xn < 1 whenever n ≡ −2 mod 3.(
) yn < 1 and xn > max(1, γk−1, δk) whenever n ≡ −3 mod 3.We prove this using indu
tion on n. Our initial 
onditions provide the base 
ase.Assume that the statement is true for all n ≤ N −1. We show the statement for n = N .This indu
tion proof has three 
ases. Let us begin by assuming N ≡ −1 mod 3.Case (a). Sin
e N ≡ −1 mod 3, N − k = N − 3l − 2 ≡ −3 mod 3. So we havethat yN−k < 1 and xN−k > max(1, γk−1, δk). Also sin
e N ≡ −1 mod 3, N − k + 1 =
N − 3l − 1 ≡ −2 mod 3. So we have that yN−k+1 < 1 and xN−k+1 < 1.From this we demonstrate the desired inequalities yN > max(1, γk−1, δk) and xN < 1,given that N ≡ −1 mod 3 holds. Using these fa
ts we get,

yN =
p + δk−1xN−k+1 + δkxN−k + ǫk−1yN−k+1 + ǫkyN−k

q + Dk−1xN−k+1 + Ek−1yN−k+1 + EkyN−k
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≥

δkxN−k

q + Dk−1xN−k+1 + Ek−1yN−k+1 + EkyN−k

>
δkxN−k

q + Dk−1 + Ek−1 + Ek

> xN−ksin
e we assumed that δk

q+Dk−1+Ek+Ek−1

> 1. Now sin
e xN−k > max(1, γk−1, δk), yN >

max(1, γk−1, δk).Now we show that xN < 1. We have
xN =

α + βk−1xN−k+1 + βkxN−k + γk−1yN−k+1 + γkyN−k

A + Bk−1xN−k+1 + BkxN−k + CkyN−k

<
α

BkxN−k

+
γk−1yN−k+1

BkxN−k

+
βk−1 + βk

min(Bk, Bk−1)
+

γk

Ck

<
α + 1

Bk

+
βk−1 + βk

min(Bk, Bk−1)
+

γk

Ck

≤
α + 1 + βk−1 + βk

min(Bk, Bk−1)
+

γk

Ck

< 1sin
e we assumed that α+1+βk−1+βk

min(Bk,Bk−1)
+ γk

Ck
< 1. This �nishes 
ase (a).Case (b). We now assume that N ≡ −2 mod 3.Sin
e N ≡ −2 mod 3, N −k = N −3l−2 ≡ −4 ≡ −1 mod 3. So we have that yN−k >

max(1, γk−1, δk) and xN−k < 1. Also sin
e N ≡ −2 mod 3, N −k+1 = N −3l−1 ≡ −3
mod 3. So we have that yN−k+1 < 1 and xN−k+1 > max(1, γk−1, δk).From this we demonstrate the desired inequalities yN < 1 and xN < 1, given that
N ≡ −2 mod 3 holds. Hen
e

yN =
p + δk−1xN−k+1 + δkxN−k + ǫk−1yN−k+1 + ǫkyN−k

q + Dk−1xN−k+1 + Ek−1yN−k+1 + EkyN−k

<
p

EkyN−k

+
δkxN−k

EkyN−k

+
ǫk−1 + ǫk

min(Ek−1, Ek)
+

δk−1

Dk−1

<
p + 1

Ek

+
ǫk−1 + ǫk

min(Ek−1, Ek)
+

δk−1

Dk−1

≤
p + 1 + ǫk−1 + ǫk

min(Ek−1, Ek)
+

δk−1

Dk−1

< 1sin
e we assumed that p+1+ǫk−1+ǫk

min(Ek−1,Ek)
+

δk−1

Dk−1

< 1.Now we show that xN < 1. We have
xN =

α + βk−1xN−k+1 + βkxN−k + γk−1yN−k+1 + γkyN−k

A + Bk−1xN−k+1 + BkxN−k + CkyN−k

<
α

Bk−1xN−k+1

+
γk−1yN−k+1

Bk−1xN−k+1

+
βk−1 + βk

min(Bk, Bk−1)
+

γk

Ck

<
α + 1

Bk−1

+
βk−1 + βk

min(Bk, Bk−1)
+

γk

Ck

≤
α + 1 + βk−1 + βk

min(Bk, Bk−1)
+

γk

Ck

< 1sin
e we assumed that α+1+βk−1+βk

min(Bk,Bk−1)
+ γk

Ck
< 1. This �nishes 
ase (b).



6 G. LUGO AND F.J. PALLADINOCase (
). We now assume that N ≡ −3 mod 3.Sin
e N ≡ −3 mod 3, N − k = N − 3l − 2 ≡ −5 ≡ −2 mod 3. So we have that
yN−k < 1 and xN−k < 1. Also sin
e N ≡ −3 mod 3, N −k+1 = N −3l−1 ≡ −4 ≡ −1
mod 3. So we have that yN−k+1 > max(1, γk−1, δk) and xN−k+1 < 1.From this we demonstrate the desired inequalities yN < 1 and xN > max(1, γk−1, δk),given that N ≡ −3 mod 3 holds. Hen
e

yN =
p + δk−1xN−k+1 + δkxN−k + ǫk−1yN−k+1 + ǫkyN−k

q + Dk−1xN−k+1 + Ek−1yN−k+1 + EkyN−k

<
p

Ek−1yN−k+1

+
δkxN−k

Ek−1yN−k+1

+
ǫk−1 + ǫk

min(Ek−1, Ek)
+

δk−1

Dk−1

<
p + 1

Ek−1
+

ǫk−1 + ǫk

min(Ek−1, Ek)
+

δk−1

Dk−1
≤

p + 1 + ǫk−1 + ǫk

min(Ek−1, Ek)
+

δk−1

Dk−1
< 1sin
e we assumed that p+1+ǫk−1+ǫk

min(Ek−1,Ek)
+

δk−1

Dk−1

< 1.Now we show that xN > max(1, γk−1, δk). We have
xN =

α + βk−1xN−k+1 + βkxN−k + γk−1yN−k+1 + γkyN−k

A + Bk−1xN−k+1 + BkxN−k + CkyN−k

≥
γk−1yN−k+1

A + Bk−1xN−k+1 + BkxN−k + CkyN−k

>
γk−1yN−k+1

A + Bk−1 + Bk + Ck

> 2yN−k+1sin
e we assumed that γk−1

A+Bk−1+Bk+Ck
> 2. Now sin
e yN−k+1 > max(1, γk−1, δk),

xN > max(1, γk−1, δk).We now 
on
lude through proof by indu
tion that limn→∞ y(2k−1)n+2 = ∞ and
limn→∞ x(2k−1)n+k+1 = ∞.We �rst see that
y(2k−1)n+2 =

p + δk−1x(2k−1)n+3−k + δkx(2k−1)n+2−k + ǫk−1y(2k−1)n+3−k + ǫky(2k−1)n+2−k

q + Dk−1x(2k−1)n+3−k + Ek−1y(2k−1)n+3−k + Eky(2k−1)n+2−k

≥
δkx(2k−1)n+2−k

q + Dk−1x(2k−1)n+3−k + Ek−1y(2k−1)n+3−k + Eky(2k−1)n+2−k

>
δkx(2k−1)n+2−k

q + Dk−1 + Ek−1 + Eksin
e (2k − 1)n + 2 − k ≡ −3 mod 3 and sin
e (2k − 1)n + 3 − k ≡ −2 mod 3. Alsonote that y(2k−1)n+2 > x(2k−1)n+2−k, sin
e δk

q+Dk−1+Ek−1+Ek
> 1 by assumption (2).Now,

y(2k−1)n+2 > x(2k−1)n+2−k ≥
γk−1y(2k−1)(n−1)+2

A + Bk−1x(2k−1)(n−1)+2 + Bkx(2k−1)(n−1)+1 + Cky(2k−1)(n−1)+1
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> (

γk−1

A + Bk−1 + Bk + Ck

)(y(2k−1)(n−1)+2)sin
e (2k − 1)(n − 1) + 2 ≡ −1 mod 3 and sin
e (2k − 1)(n − 1) + 1 ≡ −2 mod 3.From assumption (2), we have that γk−1

A+Bk−1+Bk+Ck
> 2. So that y(2k−1)n+2 > x(2k−1)n+2−k >

2y(2k−1)(n−1)+2 for all n ∈ N, whi
h proves that limn→∞ y(2k−1)n+2 = ∞. Also, sin
e
y(2k−1)n+2 > x(2k−1)n+2−k > 2y(2k−1)(n−1)+2, for all n ∈ N, x(2k−1)n+k+1 > 2y(2k−1)n+2 >
2x(2k−1)n+2−k, for all n ∈ N, whi
h proves that limn→∞ x(2k−1)n+k+1 = ∞.

�Sin
e we shall prove unboundedness via use of modulo 
lasses let us �rst introdu
esome new notation. Given a set S ⊂ Z we let Sa denote the set 
omprised of the residuesmodulo a of the elements of our set S. Written another way Sa = {x ∈ {0, . . . , a−1}|x ≡
s mod a for some s ∈ S}. We use this notation to keep tra
k of how the sets of residuesmodulo a of our indi
es of our system of di�eren
e equations behave.Theorem 1. Suppose that we have a kth order system of two rational di�eren
e equations

xn =
α +

∑k

i=1 βixn−i +
∑k

i=1 γiyn−i

A +
∑k

j=1 Bjxn−j +
∑k

j=1 Cjyn−j

, n ∈ N,

yn =
p +

∑k

i=1 δixn−i +
∑k

i=1 ǫiyn−i

q +
∑k

j=1 Djxn−j +
∑k

j=1 Ejyn−j

, n ∈ N,with non-negative parameters and non-negative initial 
onditions. Suppose that thereexists a and b su
h that all of the following hold,(1) 0 ≤ b < a,(2) Ia
B = {1, . . . , a − 1},(3) Ia
E = {1, . . . , a − 1},(4) (Iγ \ IC)a = {b},(5) (Iδ \ ID)a = {−b mod a},(6) (Iβ \ IB)a ⊂ {0},(7) (Iǫ \ IE)a ⊂ {0},(8) b /∈ Ia

C,(9) −b mod a /∈ Ia
D.Also assume the following(1) P

i∈Iδ\ID
δi

q+
Pk

j=1
Dj+

Pk
j=1

Ej
> 1,(2) P

i∈Iγ\IC
γi

A+
Pk

j=1
Bj+

Pk
j=1

Cj
> 2,(3) ∑

i∈IC

γi

Ci
+

α+1+
Pk

i=1
βi

minj∈IB
(Bj)

< 1,(4) ∑
i∈ID

δi

Di
+

p+1+
Pk

i=1
ǫi

minj∈IE
(Ej)

< 1.then for some 
hoi
e of initial 
onditions limn→∞ xan+b = ∞ and limn→∞ yan = ∞.Proof. We let our initial 
onditions provide the base 
ase and use strong indu
tion on
N to prove that xaN+b > max(1,

∑k

i=1 δi,
∑k

i=1 γi),
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yaN > max(1,

∑k
i=1 δi,

∑k
i=1 γi),

xaN+s, yaN+r < 1, for s, r ∈ {0, . . . , a − 1} with s 6= b and r 6= 0.So assume that the following holds for n < N ,
xan+b > max(1,

∑k

i=1 δi,
∑k

i=1 γi),
yan > max(1,

∑k

i=1 δi,
∑k

i=1 γi),
xan+s, yan+r < 1, for s, r ∈ {0, . . . , a − 1} with s 6= b and r 6= 0.Then we have

xaN+b =
α +

∑k
i=1 βixaN+b−i +

∑k
i=1 γiyaN+b−i

A +
∑k

j=1 BjxaN+b−j +
∑k

j=1 CjyaN+b−j

≥

∑
i∈Iγ\IC

γiyaN+b−i

A +
∑k

j=1 BjxaN+b−j +
∑k

j=1 CjyaN+b−j

≥
(
∑

i∈Iγ\IC
γi) mini∈Iγ\IC

(yaN+b−i)

A +
∑k

j=1 BjxaN+b−j +
∑k

j=1 CjyaN+b−j

.Now sin
e b /∈ Ia
C and Ia

B = {1, . . . , a − 1} we have that aN + b − j1 6≡ 0 mod a for all
j1 ∈ IC and aN + b − j2 6≡ b mod a for all j2 ∈ IB, thus we get

xaN+b >
(
∑

i∈Iγ\IC
γi) mini∈Iγ\IC

(yaN+b−i)

A +
∑k

j=1 Bj +
∑k

j=1 Cj

.Now sin
e we have assumed that P

i∈Iγ\IC
γi

A+
Pk

j=1
Bj+

Pk
j=1

Cj
> 2, we get

xaN+b > 2 min
i∈Iγ\IC

(yaN+b−i). (1)Sin
e (Iγ \ IC)a = {b}, aN + b − i ≡ 0 mod a for all i ∈ Iγ \ IC , thus
xaN+b > 2 min

i∈Iγ\IC

(yaN+b−i) > 2 max(1,
k∑

i=1

δi,
k∑

i=1

γi).Also we have the following
yaN =

p +
∑k

i=1 δixaN−i +
∑k

i=1 ǫiyaN−i

q +
∑k

j=1 DjxaN−j +
∑k

j=1 EjyaN−j

≥

∑
i∈Iδ\ID

δixaN−i

q +
∑k

j=1 DjxaN−j +
∑k

j=1 EjyaN−j

≥
(
∑

i∈Iδ\ID
δi) mini∈Iδ\ID

(xaN−i)

q +
∑k

j=1 DjxaN−j +
∑k

j=1 EjyaN−j

.Now sin
e −b mod a /∈ Ia
D and Ia

E = {1, . . . , a − 1} we have that aN − j1 6≡ 0 mod afor all j1 ∈ IE and aN − j2 6≡ b mod a for all j2 ∈ ID, thus we get
yaN >

(
∑

i∈Iδ\ID
δi) mini∈Iδ\ID

(xaN−i)

q +
∑k

j=1 Dj +
∑k

j=1 Ej

.
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e we have assumed that P

i∈Iδ\ID
δi

q+
Pk

j=1
Dj+

Pk
j=1

Ej
> 1, we get

yaN > min
i∈Iδ\ID

(xaN−i). (2)Sin
e (Iδ \ ID)a = {−b mod a}, aN − i ≡ b mod a for all i ∈ Iδ \ ID, thus
yaN > min

i∈Iδ\ID

(xaN−i) > max(1,

k∑

i=1

δi,

k∑

i=1

γi).We now prove the remaining inequalities. For s ∈ {0, . . . , a − 1} with s 6= b,
xaN+s =

α +
∑k

i=1 βixaN+s−i +
∑k

i=1 γiyaN+s−i

A +
∑k

j=1 BjxaN+s−j +
∑k

j=1 CjyaN+s−j

≤
α +

∑k

i=1 βixaN+s−i +
∑

i∈Iγ\IC
γiyaN+s−i

A +
∑k

j=1 BjxaN+s−j +
∑k

j=1 CjyaN+s−j

+
∑

i∈IC

γiyaN+s−i

A +
∑k

j=1 BjxaN+s−j +
∑k

j=1 CjyaN+s−j

≤
α +

∑k

i=1 βixaN+s−i +
∑

i∈Iγ\IC
γiyaN+s−i

minj∈IB
(Bj) maxj∈IB

(xaN+s−j)
+

∑

i∈IC

γi

Ci

.Sin
e (Iβ \ IB)a ⊂ {0} we have that for all i ∈ Iβ, i ∈ IB or i ∈ {z ∈ Z|z ≡ 0 mod a}.Thus for all i ∈ Iβ either xaN+s−i ≤ maxj∈IB
(xaN+s−j), or xaN+s−i < 1. Furthermoresin
e Ia

B = {1, . . . , a − 1} there exists j ∈ IB so that aN + s − j ≡ b mod a. Thus
maxj∈IB

(xaN+s−j) > 1 and maxj∈IB
(xaN+s−j) >

∑k

i=1 γi. To be 
lear noti
e that thismeans maxi∈Iβ
(xaN+s−i) ≤ maxj∈IB

(xaN+s−j). So we get
xaN+s ≤

∑k
i=1 βi

minj∈IB
(Bj)

+
α +

∑
i∈Iγ\IC

γiyaN+s−i

minj∈IB
(Bj) maxj∈IB

(xaN+s−j)
+

∑

i∈IC

γi

Ci

≤
α +

∑k
i=1 βi

minj∈IB
(Bj)

+

∑
i∈Iγ\IC

γiyaN+s−i

minj∈IB
(Bj) maxj∈IB

(xaN+s−j)
+

∑

i∈IC

γi

Ci

.Now sin
e (Iγ \ IC)a = {b}, aN + s− i 6≡ 0 mod a for all i ∈ Iγ \ IC . Thus yaN+s−i < 1for all i ∈ Iγ \ IC . Hen
e
xaN+s <

α +
∑k

i=1 βi

minj∈IB
(Bj)

+

∑
i∈Iγ\IC

γi

minj∈IB
(Bj) maxj∈IB

(xaN+s−j)
+

∑

i∈IC

γi

Ci

<
α + 1 +

∑k
i=1 βi

minj∈IB
(Bj)

+
∑

i∈IC

γi

Ci

< 1.Now for r ∈ {0, . . . , a − 1} with r 6= 0,
yaN+r =

p +
∑k

i=1 δixaN+r−i +
∑k

i=1 ǫiyaN+r−i

q +
∑k

j=1 DjxaN+r−j +
∑k

j=1 EjyaN+r−j
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≤

p +
∑

i∈Iδ\ID
δixaN+r−i +

∑k
i=1 ǫiyaN+r−i

q +
∑k

j=1 DjxaN+r−j +
∑k

j=1 EjyaN+r−j

+
∑

i∈ID

δixaN+r−i

q +
∑k

j=1 DjxaN+r−j +
∑k

j=1 EjyaN+r−j

≤
p +

∑
i∈Iδ\ID

δixaN+r−i +
∑k

i=1 ǫiyaN+r−i

minj∈IE
(Ej) maxj∈IE

(yaN+r−j)
+

∑

i∈ID

δi

Di

.Sin
e (Iǫ \ IE)a ⊂ {0} we have that for all i ∈ Iǫ, i ∈ IE or i ∈ {z ∈ Z|z ≡ 0
mod a}. Thus for all i ∈ Iǫ either yaN+r−i ≤ maxj∈IE

(yaN+r−j), or yaN+r−i < 1. Fur-thermore sin
e Ia
E = {1, . . . , a − 1} there exists j ∈ IE so that aN + r − j ≡ 0 mod a.Thus maxj∈IE

(yaN+r−j) > 1 and maxj∈IE
(yaN+r−j) >

∑k

i=1 δi. To be 
lear this means
maxi∈Iǫ(yaN+r−i) ≤ maxj∈IE

(yaN+r−j). So we get
yaN+r ≤

∑k

i=1 ǫi

minj∈IE
(Ej)

+
p +

∑
i∈Iδ\ID

δixaN+r−i

minj∈IE
(Ej) maxj∈IE

(yaN+r−j)
+

∑

i∈ID

δi

Di

≤
p +

∑k

i=1 ǫi

minj∈IE
(Ej)

+

∑
i∈Iδ\ID

δixaN+r−i

minj∈IE
(Ej) maxj∈IE

(yaN+r−j)
+

∑

i∈ID

δi

Di

.Now sin
e (Iδ \ ID)a = {−b mod a}, aN + r − i 6≡ b mod a for all i ∈ Iδ \ ID. Thus
xaN+r−i < 1 for all i ∈ Iδ \ ID. Hen
e

xaN+s <
p +

∑k
i=1 ǫi

minj∈IE
(Ej)

+

∑
i∈Iδ\ID

δi

minj∈IE
(Ej) maxj∈IE

(yaN+r−j)
+

∑

i∈ID

δi

Di

<
p + 1 +

∑k

i=1 ǫi

minj∈IE
(Ej)

+
∑

i∈ID

δi

Di

< 1.Thus we have 
ompleted the indu
tion proof and hen
e
xaN+b > max(1,

∑k
i=1 δi,

∑k
i=1 γi),

yaN > max(1,
∑k

i=1 δi,
∑k

i=1 γi),
xaN+s, yaN+r < 1, for s, r ∈ {0, . . . , a − 1} with s 6= b and r 6= 0.for all N ∈ N. Now re
all from inequalities (1) and (2) that we have now shown

xaN+b > 2 min
i∈Iγ\IC

(yaN+b−i),and
yaN > min

i∈Iδ\ID

(xaN−i),for all N ∈ N. Here we use substitution and arrive at the following inequalities
xaN+b > 2 min

u∈U
(xaN+b−u),and

yaN > 2 min
u∈U

(yaN−u),



UNBOUNDEDNESS RESULTS FOR SYSTEMS 11for all N ∈ N, where U = {i1 + i2|i1 ∈ Iγ \ IC and i2 ∈ Iδ \ ID}. Using the fa
t that
(Iγ \ IC)a = {b} and (Iδ \ ID)a = {−b mod a} we �nd that U ⊂ {aη|η ∈ {1, . . . , 2⌈k

a
⌉}}Thus the following inequalities hold for all n ≥ 2k.

xan+b > 2 min
i∈{1,...,2⌈k

a
⌉}

(xa(n−i)+b),and
yan > 2 min

i∈{1,...,2⌈k
a
⌉}

(ya(n−i)).Now let us make the following 
hange of variables xan+b = wn and yan = vn, thus we getthe following di�eren
e inequalities
wn > 2 min

i∈{1,...,2⌈k
a
⌉}

(wn−i),and
vn > 2 min

i∈{1,...,2⌈k
a
⌉}

(vn−i).for all n ≥ 2k. Thus using theorem 3 in [4℄ we get
min(wn−1, . . . , wn−2⌈k

a
⌉) ≥ 2

⌊n−2k

2⌈k
a ⌉

⌋
min

i∈{1,...,2⌈k
a
⌉}

(w2k−i),and
min(vn−1, . . . , vn−2⌈k

a
⌉) ≥ 2

⌊n−2k

2⌈ k
a ⌉

⌋
min

i∈{1,...,2⌈k
a
⌉}

(v2k−i).Hen
e we have limn→∞ wn = ∞ and limn→∞ vn = ∞. Thus limn→∞ xan+b = ∞ and
limn→∞ yan = ∞. �We have just presented a general unboundedness result for systems of rational di�er-en
e equations. Noti
e that examples 1 and 2 are subsumed by theorem 1 after a 
hangeof variables. We prove above that, when the hypotheses are satis�ed, both {xn}

∞
n=0and {yn}

∞
n=0 are unbounded. However there are known spe
ial 
ases where {xn}

∞
n=0 isunbounded and {yn}

∞
n=0 is bounded above by a positive 
onstant, and vi
e versa. In fa
tit is possible to sometimes apply similar te
hniques to those presented above in these
ases. This is what motivates the following theorem. We prove the result for the 
asewhere {xn}

∞
n=0 is unbounded and {yn}

∞
n=0 is bounded above by a positive 
onstant. Inthe other 
ase we advise the reader to make a 
hange of variables.Theorem 2. Suppose that we have a kth order system of two rational di�eren
e equations

xn =
α +

∑k

i=1 βixn−i +
∑k

i=1 γiyn−i

A +
∑k

j=1 Bjxn−j +
∑k

j=1 Cjyn−j

, n ∈ N,

yn =
p +

∑k
i=1 δixn−i +

∑k
i=1 ǫiyn−i

q +
∑k

j=1 Djxn−j +
∑k

j=1 Ejyn−j

, n ∈ N,with non-negative parameters and non-negative initial 
onditions. Suppose that thereexist initial 
onditions y0, . . . , y−k+1 and that there exists M > 0 so that yn ≤ M for
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hoi
es of initial 
onditions x0, . . . , x−k+1. Further suppose thatthere exists a su
h that all of the following hold,(1) Ia
B = {1, . . . , a − 1},(2) (Iβ \ IB)a = {0},Also assume the following(1) P

i∈Iβ\IB
βi

A+
Pk

j=1
Bj+

Pk
j=1

CjM
> 2,(2) α+1+

P

i∈IB
βi

minj∈IB
(Bj)

< 1.then for some 
hoi
e of initial 
onditions limn→∞ xan = ∞.Proof. We let our initial 
onditions provide the base 
ase and use strong indu
tion on
N to prove that xaN > max(1,

∑k

i=1 βi +
∑k

i=1 γiM),
xaN+s < 1, for s ∈ {1, . . . , a − 1}.So assume that the following holds for n < N ,
xan > max(1,

∑k

i=1 βi +
∑k

i=1 γiM),
xan+s < 1, for s ∈ {1, . . . , a − 1}.Then we have

xaN =
α +

∑k
i=1 βixaN−i +

∑k
i=1 γiyaN−i

A +
∑k

j=1 BjxaN−j +
∑k

j=1 CjyaN−j

≥

∑
i∈Iβ\IB

βixaN−i

A +
∑k

j=1 BjxaN−j +
∑k

j=1 CjyaN−j

.Sin
e Ia
B = {1, . . . , a − 1} and yn ≤ M we have,

xaN ≥

∑
i∈Iβ\IB

βixaN−i

A +
∑k

j=1 Bj +
∑k

j=1 CjM

≥
(
∑

i∈Iβ\IB
βi)(mini∈Iβ\IB

(xaN−i))

A +
∑k

j=1 Bj +
∑k

j=1 CjM
.Now sin
e we have assumed that P

i∈Iβ\IB
βi

A+
Pk

j=1
Bj+

Pk
j=1

CjM
> 2, we get

xaN > 2 min
i∈Iβ\IB

(xaN−i). (3)Sin
e (Iβ \ IB)a = {0}, aN − i ≡ 0 mod a for all i ∈ Iβ \ IB, thus
xaN > 2 min

i∈Iβ\IB

(xaN−i) > 2 max(1,
k∑

i=1

βi +
k∑

i=1

γiM).We now prove the remaining inequality. For s ∈ {1, . . . , a − 1},
xaN+s =

α +
∑k

i=1 βixaN+s−i +
∑k

i=1 γiyaN+s−i

A +
∑k

j=1 BjxaN+s−j +
∑k

j=1 CjyaN+s−j
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≤

α +
∑k

i=1 βixaN+s−i +
∑k

i=1 γiM∑k

j=1 BjxaN+s−j

.Sin
e (Iβ \ IB)a = {0} we have that for all i ∈ Iβ \ IB, xaN+s−i < 1. So we have
xaN+s ≤

∑
i∈IB

βi

minj∈IB
(Bj)

+
α +

∑
i∈Iβ\IB

βi +
∑k

i=1 γiM

minj∈IB
(Bj) maxj∈IB

(xaN+s−j)
.Sin
e Ia

B = {1, . . . , a − 1} there exists j ∈ IB so that aN + s − j ≡ 0 mod a. Thus
maxj∈IB

(xaN+s−j) > 1 and maxj∈IB
(xaN+s−j) >

∑k
i=1 βi +

∑k
i=1 γiM . So we get

xaN+s <
α + 1 +

∑
i∈IB

βi

minj∈IB
(Bj)

.Thus we have 
ompleted the indu
tion proof and hen
e
xaN > max(1,

∑k

i=1 βi +
∑k

i=1 γiM),
xaN+s < 1, for s ∈ {1, . . . , a − 1}.for all N ∈ N. Now re
all from the inequality (3) that we have now shown

xaN > 2 min
i∈Iβ\IB

(xaN−i),for all N ∈ N. So we make a 
hange of variables xan = wn and we get the followingdi�eren
e inequality
wn > 2 min

i∈{1,...,⌊k
a
⌋}

(wn−i).for all n ≥ k. Thus using theorem 3 in [4℄ we get
min(wn−1, . . . , wn−⌊k

a
⌋) ≥ 2

⌊n−k

⌊ k
a ⌋

⌋
min

i∈{1,...,⌊k
a
⌋}

(wk−i).Hen
e we have limn→∞ wn = ∞, thus limn→∞ xan = ∞. �3. Adapting an unboundedness result to systemsLet us draw our attention to theorem 2 
ase (iii) of [5℄. To prove this result the authorseparates the integers into two sets A = {n ∈ Z : gcd(Iβ)|n} and B = Z\A. The authorthen proves via indu
tion that for proper 
hoi
e of initial 
onditions, whenever n ∈ Athen xn > 0, and whenever n ∈ B then xn = 0. The key here is that parameters are
hosen in a way that makes su
h a proof possible. We wish to adapt su
h a result sothat it might apply to systems. Thus it is important to 
hoose our parameters so that asimilar idea holds. The �rst thing whi
h 
omes to mind is to require that there does notexist j ∈ IB ∪ IC ∪ ID ∪ IE so that gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|j. This motivates the followingtheorem.Theorem 3. Suppose that we have a kth order system of two rational di�eren
e equations
xn =

∑k
i=1 βixn−i +

∑k
i=1 γiyn−i

A +
∑k

j=1 Bjxn−j +
∑k

j=1 Cjyn−j

, n ∈ N,
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yn =

∑k
i=1 δixn−i +

∑k
i=1 ǫiyn−i

q +
∑k

j=1 Djxn−j +
∑k

j=1 Ejyn−j

, n ∈ N,with non-negative parameters and non-negative initial 
onditions.Further assume that q, A > 0 and that one of the following holds,(1) A <
∑k

i=1 βi, and Iδ 6= ∅(2) q <
∑k

i=1 ǫi, and Iγ 6= ∅Also suppose that there does not exist j ∈ IB ∪IC ∪ID ∪IE so that gcd(Iβ ∪Iγ ∪Iδ ∪Iǫ)|j.Then unbounded solutions exist for both {xn}
∞
n=0 and {yn}

∞
n=0 for some 
hoi
e of initial
onditions.Proof. Choose initial 
onditions x−m and y−m where m ∈ {0, . . . , k − 1} so that x−m =

1 = y−m if gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|m and x−m = 0 = y−m otherwise.Under this 
hoi
e of initial 
onditions, {xn} and {yn} have the property that xn > 0 and
yn > 0 whenever gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|n and xn = 0 = yn otherwise. We prove this usingindu
tion on n, our initial 
onditions provide the base 
ase. Assume that the statementis true for all n ≤ N − 1. We show the statement for n = N .This argument has four 
ases. First assume gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|N then both denom-inators are 
learly non-zero sin
e we assumed A, q > 0. Sin
e we assumed ∑k

i=1 βi +∑k

i=1 γi > 0 we know that either there exists i ∈ Iβ so that βi > 0, or there exists i ∈ Iγso that γi > 0. It is su�
ient to show xN−i > 0 and yN−i > 0. However sin
e i ∈ Iβ ∪ Iγit follows that gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|i. Thus gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|N − i. Hen
e by ourindu
tion hypothesis xN−i > 0 and yN−i > 0. Thus xN > 0. We have shown the �rst
ase.Again assume gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|N then both denominators are 
learly non-zero sin
ewe assumed A, q > 0. Sin
e we assumed ∑k

i=1 δi +
∑k

i=1 ǫi > 0 we know that either thereexists i ∈ Iδ so that δi > 0, or there exists i ∈ Iǫ so that ǫi > 0. It is su�
ient to show
xN−i > 0 and yN−i > 0. However sin
e i ∈ Iδ ∪ Iǫ it follows that gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|i.Thus gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|N − i. Hen
e by our indu
tion hypothesis xN−i > 0 and
yN−i > 0. Thus yN > 0. We have shown the se
ond 
ase.Now assume it is not true that gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|N . Again the denominators are
learly non-zero and furthermore,

xN =

∑k
i=1 βixN−i +

∑k
i=1 γiyN−i

A +
∑k

j=1 BjxN−j +
∑k

j=1 CjyN−j

≤

∑k
i=1 βixN−i +

∑k
i=1 γiyN−i

A
.Take i ∈ Iβ ∪ Iγ it follows that gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|i. Hen
e by our assumption wehave that for all i ∈ Iβ ∪ Iγ it is not true that gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|N − i. Indeed,assume gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|N − i for some i ∈ Iβ ∪ Iγ , then gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|N
ontradi
ting our hypothesis. Hen
e by our indu
tion hypothesis xN−i = 0 and yN−i = 0for all i ∈ Iβ ∪ Iγ. So ∑k

i=1 βixN−i +
∑k

i=1 γiyN−i = 0. So xN = 0 in this 
ase. Thus wehave shown the third 
ase.Again assume it is not true that gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|N . The denominators are 
learly
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yN =

∑k
i=1 δixN−i +

∑k
i=1 ǫiyN−i

q +
∑k

j=1 DjxN−j +
∑k

j=1 EjyN−j

≤

∑k
i=1 δixN−i +

∑k
i=1 ǫiyN−i

q
.Take i ∈ Iδ ∪ Iǫ it follows that gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|i. Hen
e by our assumption wehave that for all i ∈ Iδ ∪ Iǫ it is not true that gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|N − i. Indeed,assume gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|N − i for some i ∈ Iδ ∪ Iǫ, then gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|N
ontradi
ting our hypothesis. Hen
e by our indu
tion hypothesis xN−i = 0 and yN−i = 0for all i ∈ Iδ ∪ Iǫ. So ∑k

i=1 δixN−i +
∑k

i=1 ǫiyN−i = 0. So yN = 0 in this 
ase. Thus wehave shown the fourth 
ase.Now we will make use of the prior result. Choose n su
h that gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|n.There does not exist j ∈ IB ∪ IC ∪ ID ∪ IE so that gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|j. Thus theredoes not exist j ∈ IB ∪ IC ∪ ID ∪ IE so that gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|n − j. Using this andthe prior result, it follows that for n where gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ)|n, xn−j = 0 = yn−j forall j ∈ IB ∪ IC ∪ ID ∪ IE . So for this 
hoi
e of n we get
xn =

∑k
i=1 βixn−i +

∑k
i=1 γiyn−i

A
, (4)

yn =

∑k
i=1 δixn−i +

∑k
i=1 ǫiyn−i

q
. (5)We now have two 
ases to 
onsider. In 
ase 1, A <

∑k

i=1 βi, and Iδ 6= ∅ so we useequation (4) and we get
xn =

∑k
i=1 βixn−i +

∑k
i=1 γiyn−i

A
≥

∑k
i=1 βixn−i

A
≥

∑k
i=1 βi

A
min
i∈Iβ

(xn−i).For 
onvienien
e we now de�ne L = gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ). By our 
hoi
e of n, we maywrite m = n
L
∈ N. So our inequality redu
es in this 
ase to

xmL ≥ (

∑k
i=1 βi

A
) min

i∈Iβ

(xmL−i)

≥ (

∑k

i=1 βi

A
) min

i∈{1,...,⌊ k
L
⌋}

(xmL−iL).This is a di�eren
e inequality whi
h holds for the subsequen
e {xmL} for m ≥ k. Wenow rename this subsequen
e and apply the methods used in [4℄. We set zm = xmL for
m ∈ N. As we have just shown {zm} satis�es the following di�eren
e inequality,

zm ≥ (

∑k
i=1 βi

A
) min

i∈{1,...,⌊ k
L
⌋}

(zm−i), m ≥ k.Using the results of [4℄, parti
ularly theorem 3, we have that for m ≥ k,
min(zm−1, . . . , zm−⌊ k

L
⌋) ≥ min(u⌊m−k

⌊ k
L

⌋
⌋, . . . , um−k).



16 G. LUGO AND F.J. PALLADINOWhere {um}
∞
m=0 is a solution of the di�eren
e equation,

um = (

∑k
i=1 βi

A
)um−1, m ∈ N. (6)With u0 = min(zk−1, . . . , zk−⌊ k

L
⌋).Sin
e we are in 
ase 1, we know that 0 < A <

∑k

i=1 βi and so every positive solutiondiverges to ∞ for the simple di�eren
e equation (6). Hen
e using the inequality wehave obtained, {zm}
∞
m=1 diverges to ∞. Hen
e with given initial 
onditions, there is asubsequen
e of our solution {xn}

∞
n=1, namely {xmL}

∞
m=1, whi
h diverges to ∞. Hen
eour solution {xn}

∞
n=1 is unbounded. Moreover sin
e {xmL}

∞
m=1 diverges to ∞ and Iδ 6= ∅,by equation (5), {ymL}

∞
m=1 diverges to ∞. So we have exhibited a solution in the 
ase 1where both {xn}

∞
n=1 and {yn}

∞
n=1 are unbounded. In 
ase 2, q <

∑k

i=1 ǫi, and Iγ 6= ∅ sowe use equation (5) and we get
yn =

∑k

i=1 δixn−i +
∑k

i=1 ǫiyn−i

q
≥

∑k

i=1 ǫiyn−i

q
≥

∑k

i=1 ǫi

q
min
i∈Iǫ

(yn−i).For 
onvienien
e we now de�ne L = gcd(Iβ ∪ Iγ ∪ Iδ ∪ Iǫ). By our 
hoi
e of n, we maywrite m = n
L
∈ N. So our inequality redu
es in this 
ase to

ymL ≥ (

∑k
i=1 ǫi

q
) min

i∈Iǫ

(ymL−i)

≥ (

∑k

i=1 ǫi

q
) min

i∈{1,...,⌊ k
L
⌋}

(ymL−iL).This is a di�eren
e inequality whi
h holds for the subsequen
e {ymL} for m ≥ k. Wenow rename this subsequen
e and apply the methods used in [4℄. We set wm = ymL for
m ∈ N. As we have just shown {wm} satis�es the following di�eren
e inequality,

wm ≥ (

∑k

i=1 ǫi

q
) min

i∈{1,...,⌊ k
L
⌋}

(wm−i), m ≥ k.Using the results of [4℄, parti
ularly theorem 3, we have that for m ≥ k,
min(wm−1, . . . , wm−⌊ k

L
⌋) ≥ min(v⌊m−k

⌊ k
L

⌋
⌋, . . . , vm−k).Where {vm}

∞
m=0 is a solution of the di�eren
e equation,

vm = (

∑k

i=1 ǫi

q
)vm−1, m ∈ N. (7)With v0 = min(wk−1, . . . , wk−⌊ k

L
⌋).Sin
e we are in 
ase 2, we know that 0 < q <

∑k

i=1 ǫi and so every positive solutiondiverges to ∞ for the simple di�eren
e equation (7). Hen
e using the inequality wehave obtained, {wm}
∞
m=1 diverges to ∞. Hen
e with given initial 
onditions, there is asubsequen
e of our solution {yn}

∞
n=1, namely {ymL}

∞
m=1, whi
h diverges to ∞. Hen
e oursolution {yn}

∞
n=1 is unbounded. Moreover sin
e {ymL}

∞
m=1 diverges to ∞ by equation
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∞
m=1 diverges to ∞. So we have exhibited a solution in the 
ase 2where both {xn}

∞
n=1 and {yn}

∞
n=1 are unbounded.

�There is a very general idea taking pla
e here. Look at a system of rational equationsof the type presented here and look at the delays present in all of the numerators andall of the denominators. Does the greatest 
ommon divisor of all the delays in all thenumerators divide some delay in one of the denominators? If the answer is no, we
onje
ture that a result similar to the one presented above 
an be shown for the systemin question. The proof may be almost a dupli
ate of the above proof. We leave thisproof to the determined reader.4. Some Examples for Rational Systems in the PlaneAlthough these methods are intended to demonstrate unboundedness for systems ofrational di�eren
e equations of order greater than one there are several examples ofrational systems in the plane where these te
hniques apply. Here we present all �rstorder rational systems in the plane where Theorem 1 applies.Example 4. Consider the system of two rational di�eren
e equations
xn =

α + β1xn−1 + γ1yn−1

A + B1xn−1
, n ∈ N,

yn =
p + δ1xn−1 + ǫ1yn−1

q + E1yn−1

, n ∈ N,with α, β1, A, p, ǫ1, q ≥ 0, δ1, γ1, B1, E1 > 0, and non-negative initial 
onditions. Assumethat(1) δ1
q+E1

> 1,(2) γ1

A+B1

> 2,(3) α+1+β1

B1

< 1,(4) p+1+ǫ1
E1

< 1.then for some 
hoi
e of initial 
onditions limn→∞ x2n+1 = ∞ and limn→∞ y2n = ∞.Proof. We apply Theorem 1. We let a = 2 and b = 1. We have the following
I2
B = {1} = {1, . . . , 2 − 1}

I2
E = {1} = {1, . . . , 2 − 1}

(Iγ \ IC)2 = {1}
(Iδ \ ID)2 = {1}
(Iβ \ IB)2 = ∅
(Iǫ \ IE)2 = ∅

1 /∈ ∅Thus Theorem 1 applies. �
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e that in the above example the parameters α, β1, A, p, ǫ1, and q were allowedto be either positive or zero. Thus there are 64 rational systems in the plane for whi
hTheorem 1 applies. Some of these 
ases have been 
overed by prior work, however the
onje
tures (23,23), (23,31), (23,34), (23,46), (31,31), (31,34), (31,46), (34,34), (34,46),and (46,46) in appendix 3 of [2℄ are 
overed by Example 4.5. Con
lusionWe have presented here several general results whi
h prove the existen
e of unboundedsolutions for systems of two rational di�eren
e equations of order greater than one. Wefeel that a good dire
tion for further study would be to develop similar te
hniqueswhi
h prove the existen
e of unbounded solutions for systems of more than two rationaldi�eren
e equations. We have given some limited guidan
e toward this goal in se
tion3. We would like to make referen
e to [1℄ and [2℄ for other work regarding systems ofrational equations.
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