UNBOUNDEDNESS FOR SOME CLASSES OF RATIONAL
DIFFERENCE EQUATIONS
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ABSTRACT. We study the rational difference equation

. o+ Tp_1

" Cxps + Tn_s

Particularly, we show that for non-negative a and C, whenever Ca = 0 and C +«a > 0,

unbounded solutions exist for some choice of non-negative initial conditions. Moreover,

we study the rational difference equation

a+ BTn_1+ T2
Tn—3 ’

Particularly, we show that whenever 0 < 8 < % and « € [0, 1], unbounded solutions

exist for some choice of non-negative initial conditions.
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1. INTRODUCTION

In [1] Camouzis and Ladas devote a chapter to the study of unbounded solutions for
the k' order rational difference equation with non-negative parameters and non-negative
initial conditions

o+ Zle BiTn—i
= ; ,
A + Zj:l Bjxn—j

In the introduction of said chapter, the authors of [1] pose five conjectures regarding the
boundedness character of five different special cases of the third order rational difference
equation. Particularly we are referring to the special cases #28,7#44,#56,#70, and #120.
These are the only remaining cases of third order for which the boundedness character
has not been established.

n € N.

n
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2 G. LUGO AND F.J. PALLADINO

First we study special cases #56 and #120.
a+ Brnp_1 + Tpo

Tp—3

n = n € N. (1)
Using a standard induction technique, we show that whenever 0 < 3 < 1 and a € [0, 1],
unbounded solutions exist for some choice of non-negative initial conditions.

We then study special cases #44 and #28.

« + Tp—1

= N. 2
an—2 + Tn—3 e ( )

Tn

We show that for non-negative a and C, whenever Ca = 0 and C' + « > 0, unbounded
solutions exist for some choice of non-negative initial conditions. The proof is presented
in two special cases. The case where a > 0 and the case where C' > 0.

2. ToDD’S EQUATION

Consider the third order rational difference equation.

o+ PTp_1 + Ty
R RN (3)
Tp—3
There have been significant results concerning the case where § = 1. In this case the
equation is generally referred to by the cognomen "Todd’s equation” and possesses the

following invariant:

1 1 1
(a4 xp +Tpo1 +Tp2)(1+—)(1+ )1+ ) = constant.
Tn Tp—1 Tp—2

For more information regarding Todd’s equation see [4-6].

In the following theorem we show that whenever 0 < 3 < % and « € [0, 1], unbounded
solutions exist for some choice of non-negative initial conditions. Notably this resolves
two of the remaining five conjectures regarding the boundedness character of third order
rational difference equations.

Theorem 1. Consider the third order rational difference equation,
o+ ﬁxn—l + Tp—2
7

Tn—3

T, n € N. (4)
Suppose 0 < < % and a € [0, 1], then Equation (4) has unbounded solutions for some
wnitial conditions.

Proof. Choose initial conditions so that

. 1 z_
min (xg, x_2) > max (B, 71)
We shall first prove by induction that for all j € N|

1 2954

min (2g;, T2j_2) > max (
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The initial conditions provide the base case.
Assume the following holds for some j € N,

1 29,
min (zg;_2, T2j_4) > max (= 2j-3

BB

Since BTai_o > Toi 3,09, 9 > ~, Bre;_o > 1> a, and z9;_4 > 1 > 3 we see that
J j—3,L2j B J ’ J B

).

a+ Broj_o + x93 < 3Px9—2

Toj1 = < Broj_s.
Toj—a Toj—4
Thus we have shown
1 Toj
j—1
Toj—2 > max(ﬁ, ﬂ )

Since x4 > x2j_3 and 0 < 8 < % we have

Q +ﬁ$2j—1 + Toj2 > T2j—2 > X252 > 31152]'—2 . 3@32]'—2 Toj—1

Toj = =
T2;-3 T25-3 5$2j74 Toj—4 51’2]'74 B
Also
Toj_o _ Taj_o 1
Toj > J > J = —.
T2j-3 5$2j—2 B
Thus

1 i
min (l'gj, .%2]',2) > max (— 1251

g B

).

This completes the induction.
Using Equation (5) we now prove that xg, > %%* for all n € N.

932
a+ Brgy 1+ Tsy—o _ Tgn—2 T8y—6 a + B3 + Tgy—a
Tgp-3 Tgn-3 a+ Brgy—a + Tgys T8n—5
Tgn—6 Ten—4y  T8n—-6 Tgn—6Lsn—8 Ten—6Ten—8  Lsn—8

> (

3Bgy_a’ Tsn-s  3Brsy-s  3B(a+ Brgy_¢ + Tey_7) 93228, 6  98%

Since 0 < 8 < %, 94% < 1. Thus we have a subsequence of our solution which diverges
to 0o. Hence the solution is unbounded. 0

3. SPECIAL CASE #44
We now study special case #44.

o= S0 e, (6)
Tp-3
Particularly, we show that whenever o > 0, Equation (6) has unbounded solutions for
some initial conditions.
The following lemma provides a useful technique for constructing divergent subsequences
of solutions for rational difference equations.
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Lemma 1. Let {x,}>2, be a sequence in [0,00). Suppose that there exists D > 1 and
hypotheses Hy, ..., Hy so that for alln € N there exists p, € N so that the following holds.
Whenever x,_; satisfies H; for all i € {1,...,k}, then x,4p,—; satisfies H; for all i €
{1,...,k} and xy4p,—1 > Dxyy_y. Further assume that for some N € N, xn_; satisfies
H; for all i € {1,...,k} and xx_1 > 0. Then {x,}5°, is unbounded. Particularly
{z,,, —1}°_, is a subsequence of {x,}>2 | which diverges to oo, where zy, = Zy—1 + P, _,
and zg = N.

Proof. Let z,, = zym—1 +p.,,_, and zp = N. Using induction, we prove that given m € N
the following holds. z,, 1 > D™xx_; and x,,,_; satisfies H; for alli € {1,...,k}. By as-
sumption, xx_; satisfies H; for alli € {1,... k} and zy_; > D% y_;. This provides the
base case. Assume w,, _,_,; satisfies H; for all i € {1,....k} and x, , 1 > D™ty ;.
Using our earlier assumption this implies that there exists p.,, , so that =, ,p.
satisfies H; for all ¢ € {1,...,k} and 2., 4, 1 > Dz, .1 > (D)D" oy, =
Dml’Nfl.

So we have shown that z, 1 > D™xy_; for all m € N. Hence the subsequence
{z.,, 1155, of {,}5°, clearly diverges to oo since D > 1. O

The above argument merely simplifies the following arguments by removing a some-
what onerous construction.

Theorem 2. Consider the third order rational difference equation,
o+ T,_
T, = —2L neN. (7)

Tp-3
Suppose o > 0, then Equation (7) has unbounded solutions for some initial conditions.

Proof. We choose initial conditions so that

215 (a+1)4215
> -~ 7
Zo ma’X(ag ) a )7
11
T_q > max(g, (a4 1)%21),
(0%

T_o > —.
279

We show that there exists D = 3 so that for all n € N there exists p, € {7,8} so that
the following holds.

Whenever
215 (OZ+1)4215
Tpo1 > max(g, T)’
11

Then we have
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211
Tppp,—2 > MaxX (?7 (Oé + 1>2211)7

(0%
Tntpn—3 > o

Tpip,—1 2 (g)%—l-

First assume
215 (Oé + 1)4215
LTp—1 > max(g, T),
211
Tp_g > max(ﬁ, (a4 1)%2M),

[0
Lp—3 > §

Since x,_1,Tn_2,T,—3 > 0 we may write n = loga(x,_1), { = loga(T,_2), and p =
logs(x,_3). Hence 2" = z,, 1, 2° = z,,_5, and 2° = x,,_3. We use such representations
for ease of computations. First we see that

o = a+ T, _ @ n Tn-1 _ @ Lonp (8)

Tp—3 Tp-3 Tp_3z 2P
Tnys = xj_l +§Zj = %H%Jr%ﬁt%%)(%) -~ %+2ig+2nf§+p+2€ip. (10)
Tpag = % + 55;:2 — acf;’? + (% + 2:—14 + anzﬂ + 2£1+p)(a _2:27]) (11)

We will make use of these identities later. We prove the result in two cases. Let us first
assume ¢ + p > 1. We show that if this inequality is satisfied for some n € N, then
pn = 7. First we prove that ,,,,, 3 = T4 > 5. Notice that

+ Tpi3 «
>

Lnt+a = .
xn—i—l IL‘n+1
From Equation (9) we see that
a a B a
Tnil o+ ot + g 0270+ a2 e g 20t

We now use the assumption ¢ + p > 1. This assumption implies that 27—=7 < 20 = 1.
Earlier we assumed that 277 < 2. Moreover, from our assumptions, 2° > (a +1)?2!! =
(@® +2a +1)2" s0 27¢ < -1 and 27¢ < 27!, Using these inequalities we obtain the

a212

following.
a a a

> = >
2=t 427ty 1t T oqn 2712 4] 271242710 4]

«
5"
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So we have shown Z,,1p, 3 = Tpq > 5
We now prove that z,,,,, 2 = T,5 > max( -, (ar+1)22M). Notice that

QO+ Tpay Tpad Q
Ln+s5 = nt > nt > .
Tpt2 Tnte  2Tpyo
Since ¢ + p > n, 257 > 2. Moreover as we have recently shown 2¢ > 2! similarly

27> 215 So ¢ > 11> 0andn > 15> 0. So from Equation (10),

4« a | 1 3a+1 5
xn+2_§+27]+5+2n+€+p+25+/) 2 +§+§+§_ m ( )
Hence,
> & @ a (2771 > ( ! ) (214 (o + 1)%2M)
z, — max (—, (« .
T Dy, T 28 T 3041 3a+1 a?
So,
> (o max (G, (a+ D2ty » 2 ED2E (0 2T
T ——— ) max a >
+5 301 2 3o+ 1 3a+ 3

1 3214
= % > (a+ 1)2211‘
When o > 1, 4 <1< (a+1)?s0 (a+1)22" = max (25, (o + 1)?2'). Thus the only
remaining case is when o < 1. In this case we have the followmg,
14 u 214 214 211
1)*2 > > —.
)max(a (et 125 > (Ba+1)a? = 4a2 = o2

Fats > (30z +1

So we have Shown T4, 2 = T45 > max (25, (a + 1)2211).
215 (a+1)4215)
).

We now prove that x,.,, 1 = Tpie > (5 First assume

3
max ((« + 1)2°, %) > 27=F. Notice that

O+ Tpys _ Tpts O+ Tpyq Tn+a O+ Tpys 1
Tyt = > = > = > )
Tn+3 Tn+43 Tn+2Tn+3 Tn42Tn+3 Tn42Tn+3Tn+1 Tn+2Tn+1

)Tp_1 > max (Zz

We use Equation (9), our induction assumption, our assumption that
max ((« + 1)2°, ﬂ) > 2777, and the fact that 277 < 2 to obtain,

@, @ PANNG L 1 N max ((« + 1)2°, (a+1)2 )
YA 2¢ 2¢ 261 max (201%,1, (o + 1)2211) '
Notice that if a > 1,

Tp4+1 =

max ((a + 1)2°, (@F02) clatn2 11
max (2y, (@ +1)2211) ~ (@ +1)210  (a+1)26 " (a+1)2%
Also if a < 1,
max((a+ 1)2°, ()2 @+ )2 (atlha _(a+1)? 1
max( o (a+1)2211) a(%l) 26 26 (a+1)2%°
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So,
. n 1 - 1 _ Q n 1 N 1
TS T T )2 (et 121 (et 1)220 ' (ot 1)28
1 1 1 1
< = 271 427104279 < :
(a+1)211+(a+1)210+(a+1)23 a+1( N +27) da+4
Now using the inequality we have just shown and Equation (12) we have,
1 da+4 da+4 4
a6 > 2" > 2" = (=)xp_1.
Tnt6 Tpt1Tn+2 3a+1( ) 3a+3( ) (3)3: !
Thus we have shown x4, -1 = Tpi6 > ( )Tp—1 > max (215 M) when

max ((« + 1)2°, (a+;)2 ) > 277F. Now assume max ((a + 1)2°, @) < 2777 Using
Equation (11) and Equation (12) we have the following,
a2f 2° 2P 3a+1 2° 3a+1

Tpyg = + (x < + <27+ )
n+3 a+277 ( n+2>(0[+2n) Oé+2n ( 27] )(Oé+2n) ( 27] )
So,
x o+ Tpia Tptd « «
Tpie > —22 > e > e
T4  Tng3Tni2  Tni3Tni2  Tngs3TngaTnyr 2077 (o +

)xn+2xn+l

Since 27 > % > (a+1)%2" > 3+ 1 we see that 22 < 1 and using Equation (9)
we get,

oY _ o)
207 + 1) Ty 2Tt 2071 (o + 1)$n+2(% + 2%,0 + 2“%)

Distributing the 2°~" we have,

Tnye >

o
(@ + Dana(oms + 55 +50)
Now let us assume o > 1 then we have,
x > a = 2

T 0 Drnge(at= o %) (@t Dtaga(ps + 4 + 1)

In this case 2 > max (25, (a +1)%2') > (a + 1)22' s0
2 (a+1)

Tni2(l14 55 + 55)
Since we assumed that max ((a + 1)2°, M) < 2777 we have that 2777 > 2° > 1.
Furthermore we know from earlier that 27 > 25 > 1. Using this information we obtain,

2N (a +1) - 2 (a+1)

(13)

Tpy6 >

Tpte >

Tnye >

Tpio(1 + 2%,) + 2%,) 32
Now we use Equation (12) and we obtain,
211 (q + 1) 21 (q + 1) o1l 4
n > o T\ En—1) > 55 o En—1) = () Tn—1 > (5)Tn—1.
Tt > 330 1) 1) 7 3 1 g) () T ) > ()
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We now prove the case when o < 1, here we continue from Equation (13) with the
following,

e! a2t

* 7 0t Dol g t3) (0 F Doalgts £ g+ D)

In this case 2¢ > max (25, (o + 1)?21) > 2% 50 we have,

211
(a+ D)xpia(l+ 55 + 37)

Tnte =

Since we assumed that max ((a + 1)2°, @) < 2777 we have that 2777 > 2° > 1.
Furthermore we know from earlier that 27 > 2'> > 1. Using this information we obtain,

211 211
> .
(@4 Drpsa(l+ 55 +55) 3l + Dznss

Tnt6 >

Now we use Equation (12) and the assumption o < 1 to obtain,

211 211 4

3(30[ + 1)(04 + 1) (l’n—l) > ﬂ(xn_l) > (g)xn—l-

15 1 4215
Thus we have shown x4, -1 = Tni6 > (%)xn,l > max (%, %)

max ((« + 1)2°, %) < 277P. Therefore we have finished the case where ¢ + p > 1.
We now consider the case £+ p < 1. We show that if this inequality is satisfied for some
n € N then p, = 8. First we prove that z,,,, 3 = .45 > §. Notice that since our
assumptions have changed, Equations (12) and (13) no longer hold. We will now make
a new analogue for Equation (12), namely Equation (14). Since ¢+ p < n, 277 < 27,
Moreover, since 2¢ > 2 and 27 > 2 ¢ > 0 and 7 > 0. So from Equation (10),

Tn+6 =

when

o« o o 1 o o o I 3a+1 14
Tnt2 = op - o+ + ont++p T ol+p < obtp T ltp + obtp  Qltp  ltp (14)
So we have,
a+ Tpyg a a2ttr
Tnts5 = > :
Tpao Tpy2 Sa+1

Notice that,
a2t 2!t ala+1)%21 211 ala+1)%21

>
311 " G @Garn 2 G e T @azy)
211 ala+1)21
_ 1.
maX((Soz—Fl)oz’ 3 )>

SO Tpys > 20 > 3.

We now prove that 4, 2 = Tn46 > max (25, (a + 1)2'1). Notice that from Equation
(11) we have,
a2f o Y 20
T
a+2n TG G om

Tpiz = ) <27+ Tpt2). (15)
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Since x,15 > 2° we get,

T T 21
Tpyg > —2 > on—p0H5 . (16)
Tn+3 O+ Tpy2 O+ Tpio
We assume + < a + 1 and we use Equation (14). We know that 2 > ¢ and 2‘ >
(o 1)221 > (etl2l g
3a+1 3a+1 3a+1 3o+ 3 _g
Tpy2 < = < < 27°.

<
20+p (a+1)21! (2)  (a+1)2  (a+1)21

«

. 1
So, since = < a+1,

- M - M - ( 215 (Oé + 1)4215)

T, max ,

T 0t s T a+ 278 (a+278)a3" (a+278)a
(a+1)12%  (a+1)120 2615 2011 o 21

> = 1)727 > 1)727 > —-.

~ (a+ 278« (v +1)? (a+1) (a+1) ~a?

1 a

We now assume = > a + 1 and we use Equation (14). We know that 2 > § and
2t > 2% > % So,
3a+1 3a+1 Ja+1 3a+3

< = < < 278,
2f S @Ry T (a4 1210 © (a+ 1200

Tnt2 <

We now use Equation (16) and our assumption é > a + 1 to obtain the following.
M N on N ( 915 (a+ 1)4215>
max
A+ Tppo a+278 (a+278)a3" (a+278)a
215 (Oé + 1)215 B 215 211

=—>—> 1)%2M.
T (a+28)ad " (a+1)a®2  a? a? (a+1)

Tn+6 =

Thus we have shown that 2,1, 2 = a1 > max (25, (o + 1)22).

_ 4 915 (at1)1215 :
Now we prove pyp,—1 = Tni7 > (3)Tn—1 > max (45, “——). Notice that,

O+ Tpte _ Tnye O+ Tpys Tnys a+ Tpgq 1
Tnt7 = > = > = > .
Tn+4 Tn+44 Tn+4Tn+3 Tn44Tp+3 Tn42Tn+3Tn+4 Tn42Tn+3
Using Equations (14) and (15) we have,
1 2£+p 2£+77
Tppr > > > .
TpioTnis  (Ba+ Da,s  Ba+ 1)(a+ T,42)

Earlier we demonstrated that z,,o < 278 Furthermore we have assumed that 2¢ >
(+1)22". Thus,
2£+17 2€+n (Oé—|— 1)2211277 211 4
> > = (—).In_l > (—)In_l.
Ba+1)(a+zp42)  Ba+3)(a+1)  (Ba+3)(a+1)

3 3
Hence Zpyp,—1 = Tpir > (%)xn,l > max(zo%:, %) Now we apply Lemma 1 and

then the proof is done. 0]

Tpy7 >
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4. SPECIAL CASE #28

We now study special case #28.
Tn—1

,n € N. (17)

Ty =
anf2 + Tp—3

Particularly, we show that whenever C' > 0, Equation (17) has unbounded solutions for
some initial conditions.

Theorem 3. Consider the third order rational difference equation,

,n €N, (18)

- Tp-1
n=_—-—"—"—
Oxn—2 + Tp—3

Suppose C' > 0, then Equation (18) has unbounded solutions for some initial conditions.

Proof. We choose initial conditions so that

1000(C + 1)* 100(C +1)?
C ’ C3

x_1 > max (10, 1—6(3, %)

We show that there exists D = 2 so that for all n € N there exists p, € {7,8} so that

the following holds.

Whenever

T > max (1000(C + 1), ,100(C* + @),

1000(C' + 1) 100(C + 1)3
C EE
10 1

n— 17_7_'
x 2>maX(OO 03)

Ty > max (1000(C + 1)?, ,100(C* 4 0)),

Ihen we have
_ 1000 + 1 3 1 1 3
ajn—i—pn 1> max(lOOO(C + 1)37 (g ) ’ 00(23 )

10 1
10, =, ==
70’03)’

,100(C? + C)),

Tptpn—2 > max (

Tn4p,—1 Z 2'Tn—1-
First assume

1000(C 4 1)* 100(C +1)3
Zp_1 > max (1000(C' + 1)*, (C+1) (C+1)

,100(C* + ),

C ’ c3
10 1
Tp_o > max (10, —, —).
2 > max (10, 77 75)
Using algebra we immediately obtain the following.
Tpn—1 < Tpn—1 < Tp—1
Ty = :
Cl‘n_Q + ZTp—3 Cl’n_g 10
Tn Tn Tp
Tpp1 = < < =,

Cxrp1+Tpa Tp_o 10
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Tn Tn T
Tnt1 = < < .
C.’Ifnfl + Tp_o C.’En,1 1000C
Tp—1 Tpn—1 Tn—1
T, = - < <«
C$n72 + Tp_3 C.Z'n,Q 10C
. o Tn+1 Tnt1 Tn+1
n+2 —
CJ?n + ZTn—1 Tn—1 100C
Tp+1 Tn+1 Tp+1
Tnt2 =

Cx, + Tp-1 Tp1 1000
So we get the following inequalities,

100000z, 42 < 100z,,4+1 < 102, < 25—1. (19)
1000000037, 15 < 10000022, < 10Cx,, < T,_1. (20)
Using Equation (20) we get the following,
Tnt2 _ Cxpi1 + xp < 2x,. (21)
Tni3

We use Equations (19) and (20) to get,

Cnis + Tnyo = Tppa(l + m) < Tpya(l+ an) < Tpyo(1+ m
z, 1 1 1 11
= 2000 = (Gt 2 ) (Coms & ) (1000 ~ C 5 1000 < 10 71000
In short,
CTpis+ Tpio < 1. (22)
Using Equations (20) and (21) we have,
P Tnta _ 1 Tnt3 ‘
Crnis+Tny2  Coppo+Tngp1 Cpyz + Tpyo
s = ) > () (23)

= >
Crpio+xp1 C+ ﬁ 20p11 C 4+ 22,

Furthermore we have the following,
Tn+3 Tn+3 1 1

Tpad = < = < . 24
i Oxn+2 + Tn+1 Tn+1 (C$n+1 + xn)(Czn + xn—l) Lp—1Tn ( )

Using Equations (23) and (24) we obtain the following.

Tn+5 1 1 )( 1 )
Tpig =
o CZnig + Tpys 2211 C + 23, ﬁ + Tnts
Tp_1 1 1 _ Crp g+ mp 9, Crp g+, 3

) )= )

% + Tp—1Tn+3 2C + 4?[),1

B 20p41" C+ 22,

=

C
2 T Tn-1Tny3

(Ol‘n—l + xn—2)2>( an—? + Tp-3
2C + 4xn g + xnflxn+3<cxnfl + xn72)

Tn+41
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Using Equations (19) and (20) we see

Tn-1Tn+2(Crpq + Tp_2) Tp-1Zn41(CTp_1 + Tp_2)
Lp—1Tp C n— + n— - —
! +3( n-t v 2) an—l—l + Tn <C$n+1 + I‘n)<C$n + xn—l)

Tp1Tn C(Crpq + 2y 2)(Crpo+ x4 3) C

= <1< CP,_y< = .
(anJrl + xn)(cxn + xnfl) ? Tp-1 Tn+1

Using this in the prior inequality we get,
xn—l(oxn—l + In—Q)
Tpae > .
o 402 + 8Cx,,
Using this fact we have the following,

(25)

Tnt6 B Tnt6 _ Tnte 1 )

Ln+7 = - Cx o c
_ Conta ___c
Conys + Tt (an+3+xn+2) + Tnta Tnta 14 CTni3+Tny2

- Tpta 1 1 Y 1 )
Cpys + Tpgo” Cpys + Tpgs” Tpga” 1+ m
— ( 1 ) () (o
B C + C$n+3 + Lni2 C$n+4 + Lni3 C.’I?n+4 -+ Tnit3 C +1

We now use Equations (19) and (20) to show the following,

).

X _ Lp+2 _ Tp+1
T Capir + 20 (Cngr + 20)(Cp + Tp1)

Ln+1 1 1

< < .

Crp1 +500C2, 41 + 520 41)(Cxyy + 1) (501C' 4+ 5)x, 1 (4C + 4)xy 4
We now use this fact and Equation (24) to obtain the following,

1 1 Tp—1 1

7 > = .
S (xn£1+xn1<ic+4))(0+1) ( )(C+1)

=T

(26)

c 1
o T 1(C+1)
Suppose x, < 4C(C + 1) we will show that in this case p, = 7. Using Equation (23) we
have,

Tntpp—2 = Tnts 2%ni1 C + 22, =
Cl‘n—l + mn—Q( 1 ) = an—l = Cl‘n—l
21, C+2x,”  2x,(C+2x,)  8C(C+1)(C+8C(C+1))
Tp—1 Tp—1 10 1
SCTDCTscC 1) 100 +1 > 105 )
Also using Equation (25) we have,
fL‘n_1<CIn_1 + lﬁ—?) 01712171

n —1 — 4n > >
Trtpa—1 = Tnt6 4C? + 8Cu,, 4C2 + 8C(4C(C + 1))
Ii_ xn—l

10T 8(40(10 T1)  50(C2 + C)

> 2x,-1.
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Now suppose x, > 4C(C' + 1) we will show that in this case p, = 8. Using Equation
(25) we have,

In—1<cxn—1 + xn—?) $n—1(cxn—1 + zn—Q)

tp 2 = > >
Trtpn=2 = Tnt6 1C? + 8Cx,, 9Cz,
(Cl’nfl + l'nfg)(Cl'nfz + l'nfg) 10 1
= o0 > X9 > max (10, ok @)
Also using Equation (26) we have,
Tp—1 1 Tn—1 1
Tpapn—1 = Tnt7 > (g —)( ) > (—3 —)( ) =21
e T I ¢+1 e T e C+1
Hence after application of Lemma 1 the proof is complete. 0

5. CONCLUSION

Theorem 1 establishes the boundedness character of special cases #56 and #120.
Theorems 2 and 3 establish the boundedness character of the special cases #44 and
#28 respectively. There remains only one special case of third order for which the
boundedness character has not yet been established. This is special case #70. T will
restate the conjecture regarding equation #70 for emphasis.

Conjecture 1. Consider the third order rational difference equation,
 a+Th
an—Q + Tp—3

Equation (29) has unbounded solutions with o, C > 0 for some initial conditions.

T

,n € N. (27)

For more on boundedness character see [1-3].
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