ON THE CHARACTERIZATION OF RATIONAL DIFFERENCE
EQUATIONS

FRANK J. PALLADINO

ABSTRACT. We explore the implications of monotonic character for difference equa-
tions of order greater than one. Several techniques are developed culminating in the
complete characterization of the behavior of solutions to the k" order rational differ-
ence equation
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in the case A > Zi:l Bi. As is customary we assume non-negative parameters and
non-negative initial conditions.
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1. INTRODUCTION

In [1], Camouzis and Ladas present a compendium of knowledge regarding the k'
order rational difference equation with non-negative parameters and non-negative initial
conditions

k
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The authors develop several innovative techniques which serve to unify and expand
convergence results for rational difference equations. Particularly we are referring to
theorems 1.6.7-1.6.11 in [1]. These results make extensive use of the monotonic charac-
ter inherent in the k* order rational difference equation. In Section 2, inspired by these
results we move into a more general framework which allows the monotonic properties
of our difference equation to naturally exhibit themselves.
In Section 3, armed with these new techniques we are able to ascertain the behaviour of
solutions in several interesting cases which have thus far eluded proof. In so doing we
justify our prior abstraction and complete the characterization of solutions to the k"
order rational difference equation in the case A > Zle B;.
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2. MONOTONICITY RESULTS

It behooves us to accommodate more general monotonic behavior utilizing similar
principles as those applied in [1]. We ascertain this knowledge through the use of a
function, h, chosen at the discretion of the reader so as to be in concordance with our
recursive function f. The function, h, allows us to narrow our gaze to a particular set
Q) as described in the following theorem. This is beneficial as the set €2 is often easier to
understand than an arbitrary solution to our recursive equation.

Theorem 1. Consider a metric space X. Let h : X — [0, 00) be continuous. Let f : X —
X be continuous. Let ho f(x) < h(x) for each x € X. Let Q = {x € X|ho f/(z) = h(x)
for all j € N}. Let {z,}5° be a solution to the recursive equation

Ty = f(Tn_1),n € Nz € X. (2)

Let {x,, }32, be a convergent subsequence of {x,}o2,, and let limy_ooxy, = a.
Then a € €.

Proof. Since h o f(x) < h(z), for {z,}5>, we have h(z,41) < h(x,) for all n € N. So
{h(x,)}, is a bounded monotonic sequence of real numbers and thus converges. Hence
forall 7 € N

ho fi(a) = ho fI(limg—co®n,) = limi—coh(Tn,+j) = limg—.coh(@n, ) = h(a)

So a € Q. O

The set €2 is of paramount importance. Not only does 2 contain all subsequential
limits of solutions to our recursive equation, but also the properties of {2 have a deep
relationship with periodic convergence of solutions to our recursive equation.

Theorem 2. Consider a metric space X. Let h : X — [0, 00) be continuous. Let f : X —
X be continuous. Let ho f(x) < h(z) for each x € X. Let Q = {x € X|ho fi(z) = h(z)
for all j € N}. Let {x,}5°, be a solution to the recursive equation,

Ty, = f(xp_1),n € Nyxg € X. (3)

Let every subsequence of {x,}°°, have a convergent subsequence.
Let h=Y({lim,,_ooh(z,)}) N Q be finite.
Then {x,}°%, converges to a periodic solution in b= ({lim, _oh(z,)}) N Q.

Proof. For the sake of notation, let us denote h='({lim, _.oh(z,)}) NQ = Q. We claim
that given € > 0 there exists N € N so that mingeq, (d(z,,a)) < € for n > N. Suppose
not, then there exists a subsequence {z,, }32, so that min.ecq, (d(x,,,a)) > € for all k €
N. However there is a further convergent subsequence {z,, };?‘;1, by our assumptions, so
that lim; ey, = b ¢ Qy, but from Theorem 1, b € Q. Hence b ¢ h™" ({lim,—och(z)}),
50 lim;och(2n,) = h(b) # limyu_och(xy). This is a contradiction.

Our function, f, is continuous and (), is finite. It quickly follows from the definition
of continuity that, given ¢ > 0, there exists § > 0 so that for all a« € Qf and z € X,
whenever d(z,a) < 6, d(f(z), f(a)) <e.

Let
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p= min d(ay,as)/3 > 0.

a1,a2€80,,a17#a2
Given p > 0 there exists §, > 0 so that for all a € Q and x € X, whenever d(z,a) < 4,
d(f(x), f(a)) < p. Take 6 = min(p,d,) > 0.
The set 2y, is, by definition, invariant under f. Since )y is finite this implies that any
a € y is eventually periodic with period less than or equal to |€2].
Using our earlier claim, there exists N € N so that mingcq, (d(z,,a)) < ¢ for n > N.
Particularly, mingecq, (d(xy,a)) < 0. So d(xy,a1) < 6 for some a; € Q.
This provides the base case for an induction on J € N. Assume that d(zxn,s_1, f/ " 1(a1)) <
6. Since d(znis-1, 7 Ha1)) < & < 6,, dwnis, [(a1)) < p. For b € Qp, where
b # f’(a1), by the triangle inequality and the definition of p we have 3p < d(b, f/(a1)) <
d(xnyg, f/(a1)) +d(xnyg,b) < p+d(xnys,b). Hence d(zyyy,b) > 2p > § for all b €
where b # f7(a;). However mingcq, (d(zn+y,a)) < 6, thus d(zn, s, f7(a1)) < 6.
Hence for all J € N, d(xn,5,b) > 6 for all b € Qp where b # f/(a;). From our claim,
given € > 0 there exists M; € N so that min.eq, (d(x,,a)) < € for n > M;. Thus given
€ > 0 there exists M, € N so that d(zy.y, f7(a1)) < € for J > M,. Recall {f"(a1)}>,
is an eventually periodic solution in Q. Hence {z,}>°, converges to a periodic solution
in b= ({lim,_ooh(z,)}) N Q. O

3. APPLICATIONS TO RATIONAL DIFFERENCE EQUATIONS

Our goal is to completely characterize the behavior of solutions of the £ order rational
difference equation, with non-negative parameters and non-negative initial conditions,

o+ Zle BiTn—i
- k
A + Zj:l Bjxn—j

,neN (4)

n

in the case A > Zle B;.

Let us first introduce some notation. Let us define the following sets of indices :
Is={ie{l,2,....k}|B; >0} and Ip ={j € {1,2,...,k}|B; > 0}.

We will use these sets regularly when referring to the k* order rational difference equa-
tion. We will also make regular use of the terms periodic solution, locally stable equi-
librium point, and globally asymptotically stable equilibrium point. This terminology
is defined in [1,p.4-5]. In [1,p.151], the authors mention that by making a change of
variables we may assume that gcd(Iz U Ig) = 1. We shall make use of the same change
of variables. For the convenience of the reader we shall include this change of variables
in the following remark.

Remark 1. If ged(I3Ulg) > 1 we may utilize the same change of variables as was used in
[1]. Namely, given a solution {x, }°, we may introduce sequences {y°,}°5_q,...,{y" 11,
where p = ged(Ig U Ig). For L € {0,...,u— 1}, we define yt = x4 1.

Notice that each sequence {yL}5_, satisfies the following difference equation,

L
A + 2iety Bl .
" A Y e, B

eN. (5)
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Here our parameters 3;, B, o, and A are carried over from the original equation for all
i,j € {1,...,k}. It behooves us to write this in a more familiar format. Let 5; = (3,
fori e {l,...k}, i < (k/p) and let 5F = 0 for i > (k/p). Similarly let Bf = B,
fori e {1,...;k}, i < (k/u) and let Bf =0 for i > (k/u). Using this new notation
{yk}ee_, is a solution to the following difference equation,

_ ot Zf:l B Zn—i
A ‘I‘ Zle Bﬂfzn—j

J

,n €N. (6)

n

Where (7, B > 0 for all i,5 € {1,...,k} and «, A are carried over from the original

equation. Also if A > Zle B; in the original equation then A > Zle B%. Furthermore
for Equation (6), ged(1g U Ig) = 1. In this way we may decouple our solution {x,}2
and so henceforth we shall assume that ged(Iz U Ig) = 1.

In this article, we only address the unsolved case, namely the case where
I3NIp=0,A=%" £ >0, and a =0,
The resolved cases are contained in |1], with references, and will be mentioned briefly in
the conclusion of this article. Further, using Remark 1, we may assume without loss of
generality that ged(lz U Ig) = 1.
In the proof of Theorem 3 we will make use of the Frobenius number. We introduce this
concept in the following remark, for more details regarding the Frobenius number see |7].

Remark 2. Given a set I C N with |I| < oo and ged(I) = 1, there exists Ny € N, called

the Frobenius number of I, so that forn € N withn > N;, n = erﬁ:l Gl where ap, is
a non-negative integer, and i, € I for each m € {1,... |I|}. In particular, for the set
of finite linear combinations of elements from I, ((I) ={>_" _ im|v € N and i, € I for
allm € N}, n e ((I).

A quick consequence of this result is that for I C N with |I| < oo, then there exists

ny € N so that for all n > ny, ged(In € £(1).

There is a natural way to consider k" order difference equations as recursive equations
on R*. Here we shall take the opportunity to introduce notation so that we are prepared

for this transition. When we have z € [0,00)* we may represent x as a k-tuple, r =
(xt,..., 2%).

Theorem 3. Consider the k' order rational difference equation with non-negative initial
contitions,

Yp = Zf:l ﬁlyn—z

n - k )
A+ Zj:l Bjyn_j

Let 5;,B; > 0 for all i,5 € {0...k} and let A = Zleﬁi >0. Let IsNIg =0 and let

gcd(lg U IB) = 1.

Then we have the following.

n € N. (7)

(1) If ged(1g)|j for some j € I then the zero equilibrium is globally asymptotically
stable.
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(2) If there does not exist j € Ig so that ged(Ig)|j then every solution converges to
a periodic solution of period ged(Ig).

Proof. Observe that,
Yp = Zf:l ﬁiynfi
n k =
A+ Zj:l Bjyn—; A

This was noted in [1]. This implies that every solution of Equation (7) is bounded.
Using our difference equation let us construct another recursive equation,

Ty = f(2,_1),n € N, 20 € [0, 00)", (9)

where f : [0,00)* — [0,00)* and

.....

< (i) B)maticq... < MATigq1,... kY Yn—i- (8)

k i
> iy Biw P k—l)
- -, T, o .
A+ B

fla) = f(@',....a") = (

,,,,,

this case the metric on [0,00)" is the normal euclidean metric, and it is obvious that
both f and h are continuous.
Continuing our argument, given z € [0, 00)¥,

Zf:l 6zxz
A+ zle Bjgi U

k .
Zi:l Bz’ P kfl)

hof(x) = max ,
/@) (A+2§:1 B,

= mazx(

Since

Zle ﬁixi < (Zle ﬁi)maﬂ?z‘eﬁ ..... k}l’i
A+3E  Bai T A -

and

Since every subsequence of a solution is a bounded sequence in R¥, every subsequence
of a solution has a convergent subsequence. Let us investigate the set

Q= {z€0,00)k|ho fi(x) = h(x) for all j € N},

We claim that Q C {z € [0,00)*|2" € {0, h(z)} for all i € {1,... k}}.

Suppose xg & {z € [0,00)*|z* € {0,h(x)} for all i € {1,...,k}}, then 2§ & {0, h(xo)}
for some L € {1,... k}.

Notice that if z,.; = f(x,),n > 0, then h(zg) > h(xy) > -+ > h(z,) > h(2n41)
and consequently 27 < h(zg) for all j = 1,...,k, and for all n > 0. Since IzNIp
xf ¢ {0, h(xq)} for some p € Ig U I, then either p € Iz and

A+ (Zj:l Bjn) A+ (Zj:l Bjn)

I v

0, if

1
< xn-ﬁ-l <
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Or, p € Ig and

> 0.

hae) > (i, fiy) T (ZE, Bia)
- T A+ (S, Byh) + By(hl(xo) — 2h)
(11)

A+ (Z?:l Bjan) — By

Hence, if 2, ¢ {0, h(xo)} for some p € I3UIp, then x;, ; ¢ {0, h(zo)}. Since our original
equation is a k™ order difference equation k € I3 U Ig. Hence z¥ ; = xf ¢ {0, h(xo)},
so.wl_y,1 ¢ {0 hlao)}.
Now suppose xt ¢ {0,h(zo)}, then xf,, , = z} & {0,h(zo)} for all s € IgU Ip.
Hence zh, o ¢ {0,h(xo)} for all s € I3 U Ip. Using induction we see that this implies

zh g & {0,h(xo)} for any d € ((I3U Ip) = {> . _, smlv € N and s, € Iz U Ip for all
m € N}. Since ged(Iz U Ig) = 1 using Remark 2, there exists 1 € N so that if n > ¢
then xz;, ¢ {0, h(xo)}. Hence h(z,ir11) # h(xo) and 5o T ¢ Q.
We have shown that Q C {z € [0,00)*|z? € {0, h(z)} for all i € {1,... k}}.
Hence h=1({b}) N Q C h=1({b}) N {z € [0,00)*|z" € {0, h(z)} for all i 6 {1,...,k}} C
{x € [0,00)F|z" € {0,b} for all i € {1,...,k}}. So |h~'({b}) N Q| < 2* for all b € [0, 00).
Hence if zq € Q, then zq is eventually periodic of period p < 2* for f.
We claim that if zo € €2, then z is eventually periodic of period p = gcd(lﬁ).
Notice that 1 = 0 only 1f zt_ =0for all i € I5. However, this implies 2}, =z! |, =0
forall i € I5. Usmg induction we see that this implies x}_,, = 0 for all D € ¢(I). Using
Remark 2, there exists np € N so that for Lp € N where n > ged(I3)Lp > np we have

1 _

Tn—(ged(1p)Lp) = V- |

Notice that }L = h(xg) only if z!,_, = h(x) for all i € Ig. However, this implies
Tl h(zo) for alli € I5. Using induction we see that this implies x}_, = h(x)

for all D G €( 3). Using Remark 2, there exists np € N so that for Lp € N where
n > ged(Ig)Lp > np we have z} (ged(15)Lp) = M(T0).
Let zo € €2, and suppose ,, # T gea(1,) for some n > np + 3k +1. Then xl # xn gcd(lﬁ)

for some ¢ € {1,...,k}, hence there exists Ny = n — (i — 1) > np + 2k so that x}, #
levrgcd(lg)- Since Ny > np + 2k there exists Lp € N so that Ny > (14 Lp)ged(Ip) >

1 _ 1 1 _ 1
Lpged(Is) > np. But then TN —(1+Lp)ged(ls) — TN 7 TNy —ged(Is) — TNi—(1+Lp)ged(Is)*
This however, is clearly a contradiction. Hence if xy € €2, then zq is eventually periodic
with not necessarily prime period ged(1g).

Further notice that 1 = h(zo) only if 27 _, = 0 for all j € I. However, this implies
Ty ;= x)  =0forall j€ Ip.
Now assume that zo € Q and ged(I)|j for some j € Ip. Since xq € Q either z} = h(x)
for some n > np + 4k + 1, or 1 = 0 for all n > np + 4k + 1. Assume x} = h(xq) for
some n > np + 4k + 1 and choose J € Ip so that J = ged(Iz)v for some v € N. Then

since ), = h(zo), z),_; = 0. However also z;_; =z} ged(Ip)y = =z} = h(zg), since z is
eventually periodic with period ged(Ig). Thus h(zg) = 0 whenever z;, = h(zg) for some
n>np+4k+1. Iif z =0 for all n > np +4k+ 1, then h(zg) = h(%D+5k+1) = 0. Hence

h(zo) = 0 for all zp € Q in Case 1.
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Let us consider Case 2. In this case choose zo = (x},...,2f) where z{ = b > 0 if
ged(Ig)]i and zf = 0 otherwise for ¢ € {1,...,k}. Since there does not exist j € Iz so
that ged(Ig)]j, it is a simple matter to see that this is a non-zero periodic solution of
prime period ged(Ig). Hence in Case 2 we must be content to show that every solution
converges to a periodic solution of period gcd(I3).
Applying Theorem 2 in Case 1, we find that every solution of Equation (9) converges to
(0,...,0). Applying Theorem 2 in Case 2, we find that every solution of Equation (9)
converges to a periodic solution of period gcd(Is).
Letting 7o = (2}, ..., 2E) be determined by our initial conditions according to xf = y;_;,
we find, using induction, that x! = y,. Hence in Case 1, we find that every solution of
Equation (7) converges to the zero equilibrium. As was mentioned in [1], it is self-evident,
that the zero equilibrium is locally stable for both of these cases. Therefore, in Case 1,
the zero equilibrium is globally asymptotically stable.
Furthermore in Case 2 it is clear that every solution of Equation (7) converges to a
periodic solution of period ged(13).

O

4. CONCLUSION

Let us summarize the behavior of solutions of the k* order rational difference equation,
with non-negative parameters and non-negative initial conditions,

_ -+ Z?:l ﬁi'rn—i
o k
A + Zj:l le'n,j

,neN (12)

in the case A > Zle Bi.

If A> Zle Bi, then the unique equilibrium of Equation (12) is globally asymptotically
stable. This follows from Theorem 5.17.1 in [1| when Zle Bi = 0, and from Theorem
5.23.2 in [1] otherwise.

If A=S" 8 =0and ged(Ip) = ged({i + jli,j € Ip}), then the unique equilibrium
of Equation (12) is globally asymptotically stable. However when A = Zle B; = 0 and

ged(Ip) # ged({i + jli,j € Ig}) then every solution of Equation (12) converges to a
periodic solution of period 2ged(Ig). This follows from theorem 5.17.2 in [1].

We have shown above that whenever Iz N Ig =0, ged(IzUIp) =1, A = Zle B > 0,
and a = 0, the following holds.

(1) If ged(Is)|j for some j € Ip then the unique equilibrium of Equation (12) is
globally asymptotically stable.

(2) If there does not exist j € I so that ged(Ig)|j then every solution of Equation
(12) converges to a periodic solution of period ged(1g).

We shall show that the conditions Iz N Ip = 0 and ged(Iz U Ig) = 1 are superflu-
ous. First we shall remove the assumption ged(Iz U Ig) = 1. Assume Iz N Ip = 0,

ged(lgUlp) # 1, A = Zle B; > 0, and o = 0. We may now make use of the change
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of variables mentioned in Remark 1. Using this we may rewrite an arbitrary solution of
our difference equation using the equation .1 = y% where L € {0,...,u — 1} and
p = ged(Iz U Ip). Recall that the sequence {y%} is a solution of Equation (6). So that
no confusion arises, we label the sets of indices for Equation (6) 5 and I and reserve
the usual notation for our original difference equation. It is a simple matter to compute
that I} = {mﬁ € Ig} and I}, = {mﬁ € Ig}. Hence ged(I3U I}) = 1 and
so our result applies to Equation (6).

Suppose ged(Ig)|j for some j € Ig, then ged([})|j for some j € Ip. In this case every
solution of Equation (6) converges to the unique equilibrium. A simple computation
yields that our original difference equation and Equation (6) have the same equilibrium.
Hence in this case every solution to our original difference equation converges to the
unique equilibrium.

Suppose there does not exist j € I so that ged(I3)|j, then there does not exist j € I}
so that ged(I3)|j. In this case every solution of Equation (6) converges to a periodic
solution of period ged(I;). Notice that ¥, — Tniged(rs) = Tmptl — TmptLiged(ls) =
Tmp+L — x(ergcd(I;)),quL since w= ng(I,B U IB) S0 Ty — Tntged(Is) = yé - yﬁLJrgcd([;)-
Hence in this case every solution to our original difference equation converges to a peri-
odic solution of not necessarily prime period ged(13).

We have successfully removed the assumption ged(Iz U Ip) = 1. Let us now suppose
Isnipg #0, A= Zle B; > 0, and a = 0. Clearly gcd(Is)|j for j € IgN Ig. Thus we
want to show that the unique equilibrium of Equation (12) is globally asymptotically
stable in this case. This is precisely Theorem 5.23.4 part (b) in [1]. Hence whenever

A= Zle B; > 0, and a = 0, the following holds.

(1) If ged(Ig)|j for some j € Ip then the unique equilibrium of Equation (12) is
globally asymptotically stable.

(2) If there does not exist j € I so that ged(Ig)|j then every solution of Equation
(12) converges to a periodic solution of period ged(1g).

Suppose A = Zle Bi >0, >0, and gcd(Ig U Ig) = 1, then the following holds.

(1) If i is even for all i € Ig and j is odd for all j € Ip, then every solution of
Equation (12) converges to a periodic solution of period 2.
(2) If not, then every solution of Equation (12) converges to the unique equilibrium.

If A= Zle Bi > 0, @« > 0, and ged(Ig U Ip) # 1 then we must make a change of
variables and apply the prior result. This is precisely theorem 5.23.3 in [1].

Finally, we note that the results in [1| are a compilation of the combined work of many
authors. We encourage the reader to refer to the citation list in [1] for a full account. We
list, for the convienience of the reader, several references used in [1] which are particularly
relevant to this result, namely [2],|3],[4], and [5].
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