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Open problems and conjectures

Edited by Gerry Ladas

In this section we present some open problems and conjectures about some interesting types
of difference equations. Please submit your problems and conjectures with all relevant
information to G. Ladas: Email: gladas@math.uri.edu

I pledge to donate the amount of $1,000 (USA) to the International Society of Difference
Equations, provided that the complete solutions of the open problems and conjectures in this
paper are brought to the attention of myself and the President of the Society by the end of the
year 2006.
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Our goal here is to present some new results and to pose several open problems and
conjectures on the boundedness character of solutions of some special cases of the k"-order
rational difference equation

_at 25;1 Bix,—i
A+ Zle Bix,—i
with nonnegative parameters and with arbitrary nonnegative initial conditions such that the
denominator is always positive. For related work, see [1-10].
Using the numbering system which was introduced in reference [10], the only conjectures
on boundedness which were posed in [6] and which have not yet been confirmed or refuted
are about the following 11 equations. See [1] and [3]:

n=12,... )

xil

#28, #44, #56, #59, #70, #88, #94, #120, #123, #170, #176

Here, we will first confirm the boundedness character which has been conjectured in [6]
for the special cases

#88 and #170.
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THEOREM 1  Every solution of each of the following two equations with positive parameters
and positive initial conditions is bounded.:

an +xn—l
#88: xp = -—tonml =01, 2
ol Xp—1 + Dxy—2 8 @
a+an + Xn—1
#170: xp = ——D ot =01, 3
el Xp—1 + Dx,,fz " ( )

Proof. We will give the proof for the special case #88. The proof for the special case #170 is
similar and will be omitted. Assume for the sake of contradiction that equation (2) has a
positive unbounded solution {x,}. Then there exists a subsequence {n;} such that

Xp1 — X “
and for every i,
Xp41 > x5, for all j<m+1. (®)]
Then clearly,
Xn—1 Bxp—1 + xp—2 1

Xnt1 = )
Xp—1 + Dxn*Z Xp—1 + Dxn*Z Xp—2 + Dxn*S

from which it follows that

xn,v*2 - 07 xn,v*3 - 07 (6)
Xn;—5 + Dxn,<76 — 00, and Xn;—6 + Dxn,<77 — 00. (7)

Now we claim that
liminfx,,—; > 0. ®)

Otherwise, there exists a subsequence of {n;}, which for economy of notation we still
denote by {n;}, such that

P ©)
Therefore,
Xn—4 + Dx,y;—5 — 00. (10)
Also,
S S I Sl e
and so

Dxn.,é
Xpp1 =14+M(1+——""7—7—
A ( ani—4 +x"i_5>
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where

o Bmax(8. 1)
D min(1, D)

Hence eventually,
Xni+1 < Xn;—6

which contradicts (5) and establishes our claim that (8) holds.
Observe that

X

2
— Bxn—2 + Xpn,—3 _ B(E) +l

Xni—1 = =
Xp—3 + Dxn,-*4 1+D In4
Xn; =3
and
Xu;—3
x _ Bxp—2 + X3 _ B Xnj—2
ni—1 — -
! Xp—3 + Dxy—g Xui3 4 DTt
- Xup—2

and so the following two statements are true:
If the sequence

{M} is bounded

Xni—3
then
.. Xn;—3
liminf ("‘—) >0,
=00 Xn;—4

and if the sequence

{)ﬂ} is unbounded,

Xn;—3
then
Y £
llmlnf( i 2) > 0.
=0 Xn;—4

Hence, there exists u > 0 such that eventually
eitherx,,—3 > pxp,—4 Or X,,—2 > WXy, —4.
Then there exists a positive number K such that

1 1
max(g. 1 ik
mln(Dv 1) Xn;—2 + Dxn,-*S Xni—4

_ Dx,, Dx,, —
R k2 1+K<1+#>
an,-*5 +xn,-76 an,v*5 +-xn,v*6

Xni+1 =1+ B
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Therefore eventually,
X1 < Xp,—7

which contradicts (5) and completes the proof. g

CONJECTURE | (a) Show that each of the following seven equations has unbounded
solutions in some range of its parameters:

#28, #44, #56, #59, #70, #120, #123

(b) Show that every solution of each of the two equations,
#94 and #176
is bounded.

CONJECTURE 2 Assume that either

or that

D—1 D?*+3D+1
D>1 and 7<B<;.
D+3 D2

Then every solution of equation (2) converges to the equilibrium.

CONJECTURE 3 Assume that

VD — 1
VD43’

Then equation (2) has the unique prime period-two solution

'-'7¢al/j7¢a‘1[/7-" (11)

where ¢ and i are the positive roots of the quadratic equation

D>1 and B<

(D—- D2+ (B—-1)D—-t+p=0,

and (11) is locally asymptotically stable.
The following result established the boundedness of every solution in

438 =2 -

special cases of equation (1).

THEOREM 2 Assume that for every i € {1,....k} for which the parameter B; in the
numerator of equation (1) is positive, the corresponding parameter B; in the denominator of
the equation is also positive. Then every solution of equation (1) is bounded from above by a
positive number.
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Proof. Let us denote by /g and I the following subsets of {1,...,k}:
Ig = {ief{l,.. k}:B; >0}

Iy = {i€{l,.. . k}:B;=0 and B; > 0}.

Then in view of the hypothesis that 8; > 0 = B; > 0, equation (1) becomes,

o+ ZiEIB Bixnfi
X, = , o n=1,2,...
A+ Zielﬁ Bix,—; + ZiElo Bixy—i
Case 1. A > 0.
Then
_ maxere B)(14+ Cier, 51)  mae, (e, B)
Xy = -

mines, (4, B) (1 4+ ey, wie) ity (4, B)

and the solution is bounded.

Case 2. a=0.
Then

_ (maxiEIBBi) Z’E[B Xn—i  Maxeq,B;

 (mine,B;) Dicty Xn—i B min;e;,B;

and the solution is bounded.

Case3. A=0, «a>0,and Iy =0.
Then

_at > ity BiXn—i - min;ey, B;

Xn =
Z‘EIB Bixu-i maxiEIBBi

and the solution is bounded from below by the positive number
L= miniEIpBi .
max,glﬁB i

But then the solution is also bounded from above, because,

o maXiej, Bi

X, = . .
LZ[’EIB Bi mln,EIﬁBi

Case 4. A=0, «a>0,andIg=0.
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In this case,

o

Xpi] =
ZiEIO Bixy—i

Choose positive numbers L and U such that

Xlyowoy Xk S [L, U]

and
LU=
Ziao B;
Then
L=—" < Xl = - = : =U

(Zielo B,-) U Liety Bi¥iri—i (Ziele Bi)L

and by induction

x, € [L,U], for n=1.

Case 5. A=0, a>0, Ig#0, and I, # 0.
Choose positive numbers L and U such that

X1,..X € [L, U]

and

o

Zielo B; .

. ) Bi o B;
L<min{—, [ =——|=7.
i€lg | Bi" \ Xier, Bi | Bi

Then one can see by induction that

LU =

with

x, € [L,U], forn=1.

and the proof is complete. 0

Theorem 2 is a remarkable result which establishes the boundedness of every solution in
91 special cases of equation (1), when k = 3, and in 291 special cases of equation (1), when
k=4.
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The 91 special cases of equation (1) when k = 3, where every solution of the equation is
bounded are the following:

#1 — 4, 46, #11, #16 — 23,  #26,
#27, #30, #32, #34, #37,
#39, #40, #42, #47, #52,
#65, #68, #69, #72, #74,
#76, #79, #81, #82, #86,
#93, #100 — 106, #108, #109, #111,
#112, #114 — 116, #133 — 136, #141, #142,
#114, #145, #147, #148 #150 — 153,
#156, #158, #160 #163, #164,
#168, #175, #182, #189 — 194, #201,
#204, #206, #208, #2201, #12,
#216 — 220, #224, #225

From the above list of 91 special cases of equation (1), it is interesting to determine those
whose behavior is “complicated” in the sense that in some region of the parameters there
exist solutions of the equation which do not converge to an equilibrium point or to a periodic
solution.

For example, each of the following 32 equations seems to have “complicated behavior” in
the sense that in some region of the parameters there exist solutions of the equation which do
not converge to an equilibrium point or to a periodic solution:

#27,  #39,  #40, #69, #31,
#82,  #93, #100, #106, #108,
#114, #115, #116, #136, #142,
#156, #158, #160, #163, #164,
#175, #182, #189, #191, #192,
#193, #194, #204, #206, #208,
w011, #212,

Open Problem 1  For each of the 32 equations in the above list, determine whether it has
complicated behavior.

In contrast to the above behavior of third order rational equations, we offer the following
conjecture for second order rational equations.

CONJECTURE 4  For the second order rational difference equation

gy = S B
n+1 A—I—Bx,,—l—Cx,,ff g Ly
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with nonnegative parameters and nonnegative initial conditions such that
y+A+B>0,

show that every bounded solution of the equation converges to a (not necessarily prime)
period-two solution of the equation.

When we deal with values of k = 4, it will be convenient for us to switch to a new notation
for the special cases of equation (1) defined as follows:
Using the parameters in equation (1), set

20 if B >0 2FL ifB; >0
V= . and V,’ = .
0 otherwise 0 otherwise.

Then the identifying number assigned to a special case of equation (1) is

k
Z (vi + V).
i1

In the sequel, we will use the above numbering system for equations of order = 4.
For equations of order = 3, we still use the notation which was introduced in [10].

Theorem 1 establishes the boundedness of every solution in 291 special cases of the
equation

_ a3 Bk
A+ Z?:l Bix,—

n

9 n=1,2,... (12)

and 200 of these cases are fourth-order equations. They are the special cases of equation (12)
with the following numbers:

#513, #515, #521, #523 — 527, #545,
#547, #553, #555 — 563, #568 — 575,  #641,
#643, #649, #651 — 655, #673, #675,
#681, #683 — 691, #696 — 707, #712 — 719,  #736 — 739,

#744 — 755, #760 — 771, #776 — 783, #3800 — 803,  #808 — 819,
#824 — 831, #896 — 899, #904 — 911, #928 — 931,  #936 — 947,
#952 — 963, #968 — 975, #992 — 995, #1000 — 1011, #1016 — 1023.

In the above list of 200 fourth-order rational difference equations, it is interesting to
determine all special cases with “complicated” behavior in the sense that in some region of
the parameters there exist solutions of the equation which do not converge to an equilibrium
point or to a periodic solution.

For example, each of the following 144 equations seems to have “complicated behavior”
in the sense that in some region of the parameters there exist solutions of the equation which
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do not converge to an equilibrium point or to a periodic solution.

#524 — 527, #556 — 559,  #568, #572 — 575, #652 — 655,
#684 — 687,  #700 — 707,  #712 — 719, #736 — 739, #744 — 755,
#760 — 767,  #780 — 783,  #808 — 815, #3824 — 831, #908 — 911,
#928 — 931,  #936 — 947,  #952 — 963, #968 — 975, #992 — 995,
#1000 — 1011, #1016 — 1022.

On the other hand, none of the following 16 equations seems to have complicated
behavior:

#6890, #690, #691, #697, #699,
#776, #7717, #1778, #1779, #8396,
#8907, #898, #899, #905, #906,
#907.

Open Problem 2 Establish the global character of solutions of each of the 16 special cases
in the above list.

The next three theorems, which were presented in [3], established boundedness by the
method of iteration in the following 16 special cases of equation (1) with k = 3:

#25,  #60, #67, #91, #107, #124, #143, #155,
#159, #173, #188, #200, #203, #207, #215, #223

CONJECTURE 5  Show that none of the 16 equations in the above list has the property that
every solution of the equation converges to either an equilibrium point or a periodic solution.

THEOREM 3  Assume that
B:A,C,D € (0,0) and a,y,5€ [0,0).
Then every nonnegative solution of the equation

o+ Bxy + Yxu—1 + Oxy—2
n = B =0,1,... 13
nt1 A+ Cx,_| + Dx, o " (13)

is bounded.
THEOREM 4  Assume that
v,6,C,D € (0,00) and «,B € [0, ).
Then every nonnegative solution of the equation

o+ an + YXn—1 + 5xn72
an—l + Dxn—Z

. n=0,1,... (14)

Xn+1 =

is bounded.
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THEOREM 5 Assume that
B,6+A € (0,00) and «,86,A € [0,0).
Then every nonnegative solution of the equation

a+ Bx, + 6x,—2

=0,1,... 15
Aga e n=ol, (1)

Xn+1 =
is bounded.

The proof of each of the above three theorems follows from by the so-called “method of
iteration”. That is, by observing that when we write x,4» or x,+3 in terms of x,, x,—, and
Xn—2, every solution of the resulting equation is bounded.

Boundedness by iteration can be easily extended to higher order rational difference
equations. For example, it can be used to establish the boundedness of all solutions in each of
the following 98, fourth-order, special cases of equation (1) with k = 4:

#518, #519, #534, #535, #538,
#539, #542, #543, #550, #551,
#566, #567, #646, #647, #658,
#659, #662, #663, #666, #667,
#670, #671, #678, #679, #694,
#695, #710, #711, #7022, #723,
#726, #727, #730, #731, #734,
#735, #742, #743, #758, #7509,
#772 — 775,  #788 — 791, #794 — 799, #806, #8307,
#820 — 823, #902, #903, #914, #915,
#918, #919, #922, #923,  #926,
#927, #934, #935, #950, #951,
#964 — 967,  #976 — 983, #986 — 991, #998, #999,
#1012 — 1015.

Open Problem 3  From the above list of 98 fourth-order rational difference equations,
determine whether there are any whose equilibrium is globally asymptotically stable.

Before we state the next result for equation (1), we introduce the following notation:

Ig={j€{1,2,....k} : B; >0}

Ip={j€(1,2,....k} : B; > 0}

THEOREM 6 Assume that either

A>0
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or

A=0, Ig#0, and I Clg.

Furthermore, assume that for every sequence
{cm}:o:l with ¢, € Ig,
there exist positive integers N\ and N, such that
N>
(Z cm> € Ip.
m=N

Then every solution of equation (1) is bounded.

The proof is tedious but straightforward and its details will be omitted.

Open Problem 4  Assume that
A€ [0,00) and i,j,l,me {1,2,...}.

Obtain (easily verifiable) necessary and sufficient conditions, in terms of A, i,j,l, and m
such that every positive solution of the equation

Xn—i + Xn—j

=—— n=1,2
A+ Xp—1 + Xp—m

Xn 32,

is bounded.

Extensive computer observations and a substantial number of analytic investigations have
led us to the following conjecture:

CONJECTURE 6  Equation (12) has 542 special cases where every solution of the equation is
bounded and in each of the remaining 419 special cases the equation has unbounded
solutions in some region of its parameters.

In 135 special cases of equation (12) where every solution of the equation is bounded,
the order of the equation is 3 or less, see [6]. In the remaining

542 — 135 = 407

special cases, the equation is of order 4.

We have already listed 298 special cases of fourth-order rational equations where
every solution of the equation is bounded as a consequence of Theorem 1 or Theorem 2.
Also, in the following 8 fourth-order special cases of equation (12),

#528 — 531 and #784 — 787

the equations are reducible to second-order rational equations where every solution of the
equation is known to be bounded. See [6].
If our Conjecture 4 is true, then there remain only

542 — (135 +200 + 98 + 8) = 101
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special cases of equation (12), each of order four, for which we conjecture that every solution
of the equation is bounded. They are the following 101 special cases:

#2991 Xy = fﬁ

#4191 x4 = A+ gx—:jxj-_;xrz
#4221 xpp1 = A +Bg;:ff;xn—z
#4231 xpp = erfuten s

A+ Cx,,fl + Dx,,fz

#436 Xppl = an + YXn—1 + €Xp—3
an*l + Dxn*2

o+ an + YXn—1 + €x,—3

#A3T7 © xpy =
o Cx”_l +Dxn—2
4438 = Do Yoo T €N
A + an_] —+ D_xn_2
#4391 x4 = a+ Bx, + yx—1 + €x,—3
A + an—] + Dx,,_2
Bx, + dx,—2 + €x,-3
#484 . x4 =
et an—l ~|—Dxn_2
w + OX,— o
485y, = ST P T O et
Cxp—1 + Dx,—2
n o n— n—
ARG xyy = Do T P2 €Ny

A+ Cx,—1 + Dx,—»
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o+ Bx, + 6x,—n + €x,-3

BA8T © Xppy =
A+ Cx,_ 1+ Dx, >

By + yx,—1 + 8xp—0 + €x,-3
4500 x4, =
el C-xn—l + D-xn—2

o+ an + YXn—1 + 6xn*2 + €x,-3

#501:  xpug =

Cxp—1 + Dxp—2
e < TR T
I k= e
#5360 X4 = #};{73
#540: X = %

B541 0 xy = %
#565: Xy = %
#5791 xppy = %

#3582 xuyr = %E‘Z:z
#5831 X = %ﬁniwz

48T 1 xy, = T O

A+ Bx, + Ex, 3

515
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#5880 X = Bxa + 0x—2
an + Ex,,_3
a+ an + 8xn72
#589 : ] =————
Al Bx, + Ex,—3
Bxn + dxp—2
#590 : ] =
Tl =Y + Bx, + Ex,—3
a+ an + 3)6,,72
#5901 : ] =
Tl =Y + Bx, + Ex,—3
YXn—1 + 8)6;172
#602 : ] =
A B, + Exys
n— o n—
HO03 :  xpyy = ST Yt F 02

A+ Bx, + Ex,—3

_ ox,,—
#6041 xp = By + yxp—1 + 0x,—2
an + Ex,,_3

a+ Bx, + yx,—1 + Ox—2

#0605 :© x40 =
an + Exn_3
n n— 8 n—
606 1,y = Pon T Yoo 0N
A+ Bx, + Ex,—3
n n— 8 n—
4607 - xn+l:a+Bx + yxu—1 + Ox,—2
A+ Bx, + Ex,—3
#6561 xpy = — !

Dxn*Z + Exn*3
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#657: Xy = e
Dxn—Z + E-xn—S
#664 X4 = V=1

Bx,, + Dx,,—» + Ex,,—3

#6651 g = @t Yin-i
an + Dxn—Z + Exn—3
Bxy + yXn-1
#0668 : il =
e B Dy + Exys
o+ Bx, + YXu—1
4669 :  xpu, =
1 Bx, + Dx,,—» + Ex,—3
#6031y = — T P
an—l + Dxn—Z + Exn—S
n 8 n—
HI08: 3y = Pt 2
Dx;—> + Ex,—3
n 8 n—
#7091 xpp = @+ Bxy + Oxn
Dx;—> + Ex,—3
n— OXy—
#7200 Xy = Yn—1 F OXn—2
Dx;—> + Ex,—3
n— 6 n—
WI21: gy = O Yt O
Dxn—Z + Exn—S
n n— 6 n—
124 gy = P P 4 O

Dxn—Z + Exn—S

o+ an + yxXp—1 + 6Xn72

#7250 xpp =
Dxn—Z + Exn—S
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n— 8 n—
W28 . xpyy = — Yol T O
Bx, + Dx,,—» + Ex,—3
a-+ YXn—1 + 8xn—2
#729 : =
1 Bx, + Dx,,—» + Ex,—3
_ 8x,,—
P S R
Bx, + Dx,—> + Ex,—3
n n— 8 n—
B33 xpyy = O Bt Yoo F O
Bx, + Dx,—» + Ex,,—3
n 6 n—
HT40:  xp = B + 0%
an—l + Dxn—Z + E-xn—S
n 0. n—
W41 x,, = TP O
Cx,—1 + Dx,—y + Ex;—3
Bxy + Yxp—1 + dx,—2
#756 : bl =
et Cx,—1 + Dx,—» + Ex,—3
n n— 8 n—
HIST: gy = O B Vo + O
an*l + Dxn*Z + EX”73
YXn—1 + €EXp—3
#792 : ] =————
Al an + Exn_3
o+ YXn—1 + €x,—3
#793 : ] =
Al Bx, + Ex,—3
Bx, + €x,-3
#804 : ]l = ——
Al an—l + Exn—3
#8051 xpp = o+ Bxy + €xp—3

an—l + Exn—3
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OXy—2 + €X,y—3

#832 : il =
Xn+1 Ex, 3

o+ 6x,—7 + €x,-3

#833 : bl =
Xn+1 Ex, 3
6xn—2 + €x,—3
#834 : ] = ———
el A+ Ex,_;
#835 o+ an_z + €X;—3
D Xpy =
s A+ Ex, 3
n 8 n— n—
4836 - an:Bx + Ox,—0 + €x,-3
Ex,—3
n 8 n— n—
#8370 1 :a+Bx + Ox,—2 + €x,-3

Exn—3

an + 6xn*Z + €x,—3

#838 : bl =
1 A+ Ex,—3
o+ Bx, + 6x,—2 + €x,-3
#839 : bl =
el A+ Ex,,_3
6 n— n—
4840 X, = OXn—2 + €Xn—3
Bx, + Ex,—3
a+ 6x,—2 + €x,-3
#841 : bl = .
1 Bx, + Ex,—3
6~er-2 + €x,-3
#842 : ] = —————
1 A+ Bx, + Ex,—3
o+ an_z + €X;—3
#843 : Xn+1 —

A+ Bx, + Ex,—3
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n 8 n— n—
4844 - xn+1=ﬁx+x 2+ €x,—3
an +E)C,,_3

a+ an + 6xn—2 + €Xy—-3

#845 : Xp+1 =

an + Exn*?:
an + 8)(,,72 + €x,—3
#846 : ntl =
B T A By + Exy s
n OXy— n—
¥8AT: x :a+Bx + Ox,—0 + €x,-3
A+ Bx, + Ex,—3
n— o n— n—
#8561 gy = Yoot Ot €Xis
an + Exn*?:
a+ YXn—1 + 6xn*2 + €x,—3
#857 : bl =
1 Bx, + Ex;—3
YXn—1 + 6)61172 + €x,—3
#858 : =
B T T A By + Exys
a+ YXn—1 + 5xn72 + €x,—3
#859 : el =
R A+ Bx, + Ex, 3
n n— Oy — n—
860  xyy, = Do F Yoot T OX2 F €

Bx, + Ex;—3

a+ Bx, + yx,—1 + Oxy—2 + €x,—3

#8611 x4 = Br, + Exo s
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By + yx,—1 + Ox, + €x,3
#862: xpp =
! A + B-xn + Exn73

a+ Bx, + Yx—1 + Oxp—2 + €x,-3

#863 : —
Xn+1 1 T an T Exn73
#900:  xupy = %

Xn—2 + Exn_3
#9010 Xy = W
Xn—2 + EXy—3
4012 : ., = Pt T e
Dxnfz + Ex,,,3
HO13 1 .y = S Yoot €
Dxnfz + Ex,,,3
H916:  xpy = anD + VX1 4 €3
Xn—2 + Exn_3
BO17: .y =2 ﬁ;cn + Y1 + €3
Xu—2 + EXu—3
‘yxnfl + €xn,3
#920 : —
! an + Dxn72 + E_xn,?,
#921:  xu = a+ yx,—1 + €x,-3
Bx, + Dx,— + Ex,—3
#9241 x4 = Bxn + yXu—1 + €x,-3
Bx, + Dx,— + Ex,—3
40251, =2 By + YXu—1 + €X,-3

an + Dxn—Z + Exn_3
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#9321 xp = P+ €xn—s
Cxp—1 + Dxp—2 + Ex;—3
9331y = a+ Bx, + ex,—3
an—l + Dxn—Z + Exn—S
By + Yxp—1 + €x,-3
#948 - bl =
1 Cx,—1 + Dx,—» + Ex,—3
a+ an + YXn—1 + €EXp—3
#949 - il =
1 Cx,—1 + Dx,—» + Ex,—3
n— 6 n— n—
4084 - an:yx 1+ oxp—2 + €x,—3
an + Dxn—Z + Exn—3
n— 5 n— n—
4085+ x,, = ST Yoot Mo ¥ Xy
Bx, + Dx,—» + Ex,,—3
an + 6)6,172 + €EXp—3
#996 : =
el an*l + Dxn*Z + Exn*S
n 8 n— n—
#9971 xpt :a+[3x + Ox,—2 + €x,—3

Cxp—1 + Dxp—o + Ex,—3

Open Problem 5 For each of the above 101 fourth-order special cases, establish its
boundedness character and investigate the region of global asymptotic stability of its
equilibrium point(s).
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