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What is a periodic trichotomy?



3 way split of the qualitative behavior



Let IR be a region of our parameters.

Parameters in R — ESC .
Parameters on 0k = ESC period P.

Parameters outside of R =— 3US.



Example:

. 625571—2
1+ Tp—1 T xn—57

n € N.

Ln

By<1 = 0 is GAS.



Example:

635671—3 =+ ﬁan—Q
Ty = , néeN.

BstBy<1 = 0 is GAS.

63‘|‘69:1 — ESCPg

B3+ 0y >1 = JUS.



Example:
~ Ban_a+ BeTns
1+ Tp—1 T Tn—5 ’

n € N.

n

Bi+B<1 = 0 is GAS.

ﬁ4‘|—ﬁ6:1 — FESCPB,.

Oy+ 0e>1 = JUS.



Example:

S B1oTn—10 + B15Tn—15 + B20Tn—20 n e N
4 Ty TpoF Tp3+ Tna+ Too1g) '

Bio+ 015+ 00<1 = 0 15 GAS.

B+ Bis+Po=1 =— FESCP.

Bio+ Bis+ Po>1 = JUS.



Example:

_ P20%n—20 + B26Tn—26
1+ Tp—1+ Tp—3

, neN.

n

B+ B <1 = 0 is GAS.

B+ f=1 = ESCP,.

Bog+ B >1 = JUS.



We want to find a pattern to these examples.

The delays that are present in the numerator and denominator
play an important role.



In order to state a general theorem we need to define the following
sets of integers:

Iy={ic{1,2,...,k}|B > 0}.

]B:{je{l,Q,...,]{}‘Bj>O}.



Now we will state a general theorem from:

F.J. Palladino, On periodic trichotomies, J. Difference Equ.
Appl. 15(2009), 605-620.



Theorem 1: Consider the k" order rational difference equation,
k
i BT
= : 7
L2 i Bitn

Suppose that the gcd(I3) does not divide j for any j € Ip. Then we
have the following:

n € N.

Ln

k
Y Bi<l = 0is GAS.
1=1

k
Zﬂz =1 — ESCPng(]ﬁ).
1=1

k
d B>1 = 3JUS.

1=1



Example using Theorem 1:

_ B20Tn—20 + 24T 24
1+ Tp—1 T+ Tp—3

, neN.

n

I3 ={20,24} and Ip=11,3}.
ged(20,24) =4 and 4 f1,3.
So, by Theorem 1:

Oog+ Py <1l = 0 1s GAS.

O+ PBu=1 — FESCP;.

Bog+ Bos >1 = JUS.



Example:
How does adding an « to the numerator change the behavior?

a + BooTn—20 + Bo4Ty_o4
Ty = , neN.
1+ Tp—1 T+ Tp—3

I3 ={20,24} and Ip=11,3}.
ged(20,24) =4 and 4 f1,3.

However we have:

Oog+ Py <1 =— T is GAS.

Bog+ Poyu=1 — FESCP.

Bog+ Bos >1 = JUS.



Example:

o+ Tp_20 + Ly
T, = 620 n—20 624 n 247 n € N.
1+ Tp—o + Tpn_g

B+ Pu<l = T is GAS.

O+ By =1 — FESCP;,.

Bog+ By >1 = JUS.



Example:

a+ Gerp_g + B12Tn-12
1+ Tp—1+ Tp—3

, neN.

Ln

O+ o<1l = =z is GAS.

Og+ Po=1 =— FESCP.

B+ Po>1 = JUS.



Example:

a+ Gerp_g + B12Tn-12
T )

n € N.
1+ x,_3

Ln

O+ Po<1l = =z is GAS.
Gs+ Bio=1 =— FESCPF;.

B+ Po>1 = JUS.



Now we will state two more general theorems from:

F.J. Palladino, On periodic trichotomies, J. Difference Equ.
Appl. 15(2009), 605-620.



Theorem 2: Consider the k" order rational difference equation,
k
o+ ZZ’:1 67jwn—i
Ly = L )
L2 i Bitn

Suppose that the gcd(I3U Ig) = 1 and i is even for all ¢ € I3, and j is
odd for all j € /. Then we have the following:

n € N.

k
Z@a — 7 is GAS,
1=1

k
Y Bi=1 = ESCP.

1=1

k
d B>1 = 3JUS

1=1



Theorem 3: Consider the k' order rational difference equation,
k
QA+ iy Bt
Ly = L )
L+ 2 i1 Bjzn—;

Suppose that the gcd(/3 U Ip) = ¢ and % is even for all ¢ € I3, and % is
odd for all 5 € /. Then we have the following:

n € N.

k
d i<l = zis GAS.
1=1

k

1=1

k
 Bi>1 = S
1=1



Example using Theorem 2:

_ o + B6Tn—6 + B12Tn—12

, néeN.
1—|-£Un_1‘|'l'n_3

Ln

ged(Ig U Ip) = ged({1,3,6,12}) = 1.
I3 =1{6,12} all evens.
I3 =A{1,3} all odds.

So, Theorem 2 tells us:

O+ Pa<1l — =z is GAS.

Og+ B1a=1 — FESCP;,.

G+ P2 >1 = 3JUS.



Example using Theorem 3:

a+ Gerp_g + B12Tp-12
T )

n € N.
1+, 3

Ln

ged(IgU Ip) = ged({3,6,12}) = 3.

6 12
—, — all evens.
33

{é} 1S odd.
3

O+ Pa<1l — =z is GAS.

So, Theorem 3 tells us:

B+ Po=1 =— FESCPF;.

Ge+ P2 >1 = 3JUS.



Now we will state two conjectures from:

E. Camouzis and G. Ladas, Three trichotomy conjectures, J.
Difference Equ. Appl. 8(2002), 495-500.



Conjecture 1:

Assume that o € (0,00). Then the following period-five trichotomy
result is true for the rational equation

o+ Tp—3
Ty = ,n € N.
Ln—1

a>1 = T 1s GAS.

a=1 — l?Sij%.

a<l = JUS.



Conjecture 2:

Assume that a, C' € [0, 00). Then the following period-six trichotomy
result is true for the rational equation

Tt Ty
T )
Cap_o+ Tp_s

T n € N.

aC?>1 =— 7T is GAS.

aC*=1 =— ESCP;.

aC? <1 =— 3JUS.



Directions for further work:
Resolve conjectures 1 and 2.

Find other general families of periodic trichotomies.
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